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Introduction and preliminaries 
In the author’s preceding papers [1]–[4] the 

problem of the construction of some relatively free 
dimonoids was solved. The structure of the corre-
sponding algebras was described and some least 
congruences on a free dimonoid were characterized.  

The present paper continues this trend of re-
search by considering the so-called n -dinilpotent 
dimonoids, that is dimonoids with two n -nilpotent 
semigroups. It turns out that the class of such 
dimonoids is a subvariety of the variety of all 
dimonoids. For the indicated variety a free object is 
constructed and the least n -dinilpotent congruence 
on a free dimonoid is characterized.  

Let us recall that a nonempty set D  equipped 
with two binary operations  and  satisfying the 
following axioms:  

 ( ) ( )x y z x y z= ,     (D1) 
 ( ) ( )x y z x y z= ,     (D2) 
 ( ) ( )x y z x y z= ,     (D3) 
 ( ) ( )x y z x y z= ,     (D4) 
 ( ) ( )x y z x y z=     (D5) 

for all x y z D, , ∈ ,  is called a dimonoid.  
An element 0  of a dimonoid ( )D, ,  will be 

called zero, if  
0 0 0x x∗ = = ∗  

for all x D∈  and { }∗∈ , .   
As usual, N  denotes the set of all positive in-

tegers. 
We call a semigroup S  nilpotent, if 1 0nS + =  

for some n∈ .N  The least such n  we shall call the 
nilpotency index of S.  For k ∈N  a nilpotent semi-
group of nilpotency index k≤  is said to be k -nil-
potent.  

A dimonoid ( )D, ,  with zero will be called 

dinilpotent, if ( )D,  and ( )D,  are nilpotent semi-
groups.  

A dinilpotent dimonoid ( )D, ,  will be called 

n -dinilpotent, if ( )D,  and ( )D,  are n -nilpotent 
semigroups. If ρ  is a congruence on a dimonoid 

( )D, ,  such that ( )D ρ, , /  is an n -dinilpotent 
dimonoid, then we say that ρ  is an n -dinilpotent 
congruence.  

Note that operations of any 1 -dinilpotent 
dimonoid coincide and it is a zero semigroup.  

Lemma 0.1. The class of all n -dinilpotent 
dimonoids is a subvariety of the variety of all dimo-
noids.  

Proof. Indeed, the class of all n -dinilpotent 
dimonoids is a subclass of the variety of all dimo-
noids which is closed under taking of homomorphic 
images, subdimonoids and Cartesian products, and 
consequently, it is a variety.           □ 

A dimonoid  which  is  free  in the variety of 
n -dinilpotent dimonoids will be called a free n -di-
nilpotent dimonoid.  

The necessary information about varieties of 
dimonoids can be found in [1].  

J.-L. Loday described a free dimonoid [5]. We 
constructed the dimonoid isomorphic to the free 
dimonoid in [6]. Recall this construction.  

Let [ ]F X  be the free semigroup in the alpha-
bet X .  We denote the length of a word [ ]w F X∈  
by wl .  Define operations  and  on  

{( ) [ ] }wF w m F X l m= , ∈ × | ≥N  
by  

1 1 2 2 1 2 1( ) ( ) ( )w m w m w w m, , = , ,  
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11 1 2 2 1 2 2( ) ( ) ( )ww m w m w w l m, , = , +  

for all 1 1 2 2( ) ( )w m w m F, , , ∈ .  Denote the algebra 

( )F , ,  by [ ]F X .  By Lemma 3 from [6] [ ]F X  is 
the free dimonoid over X .   

If 1 2f D D: →  is a homomorphism of dimo-
noids, then the corresponding congruence on 1D  
will be denoted by fΔ .   

 
1 Free objects 
In this section we construct a free n -dinil-

potent dimonoid of an arbitrary rank and consider 
separately free n -dinilpotent dimonoids of rank 1.   

Fix n∈N  and define operations  and  on  
{( ) [ ]nFD w m F X= , ∈ × |N  

1 } {0}w wm l m n l m n≤ , ≤ , − + ≤ ∪  
by  

( ) ( )1 1 2 2w m w m, , =  

( )
1 2

1 2

1 2 1 1

1

if 1

0 if 1
w w

w w

w w m l m n

l m n

, , − + ≤ ,⎧⎪= ⎨
, − + > ,⎪⎩

 

( ) ( )1 1 2 2w m w m, , =  

1 1

1

1 2 2 2

2

if

0 if
w w

w

w w l m l m n

l m n

⎛ ⎞
⎜ ⎟
⎝ ⎠
⎧ , + , + ≤ ,⎪= ⎨

, + > ,⎪⎩
 

( ) ( )1 1 1 10 0 0 0 0w m w m, ∗ = ∗ , = ∗ =  

for all ( ) ( )1 1 2 2 {0}nw m w m FD \, , , ∈  and { }∗∈ , .  

The algebra ( )nFD , ,  will be denoted by 
( )nFD X .   
Theorem 1.1. ( )nFD X  is the free n -dinilpo-

tent dimonoid.  
Proof. First prove that ( )nFD X  is a dimonoid. 

Let 1 1( )w m, ,  2 2( )w m, ,  3 3( ) {0}nw m FD \, ∈  and let  
 

1 2 3 1 1w w wl l l m n+ + − + ≤ .    (1.1) 
From (1.1) it follows  

 
1 2 1 1w wl l m n+ − + < ,          (1.2) 

 
2 3 2 1w wl l m n+ − + < ,          (1.3) 

 
2 3wl m n+ < .                    (1.4) 

Using (1.1)–(1.4), we get  
1 1 2 2 3 3(( ) ( )) ( )w m w m w m, , , =  

 1 2 1 3 3 1 2 3 1( ) ( ) ( )w w m w m w w w m= , , = , =  

1 1 2 3 2( ) ( )w m w w m= , , =  

1 1 2 2 3 3( ) (( ) ( ))w m w m w m= , , , ,  

1 1 2 2 3 3( ) (( ) ( ))w m w m w m, , , =  

21 1 2 3 3 1 2 3 1( ) ( ) ( )ww m w w l m w w w m= , , + = ,  

and so, the axioms ( 1)D  and ( 2)D  of a dimonoid 
hold. If  

1 2 3 1 1w w wl l l m n+ + − + > ,  

then, obviously, the axioms ( 1)D  and ( 2)D  hold too.  

Let  
 

1 2wl m n+ ≤ ,      (1.5) 

 
2 3 2 1w wl l m n+ − + ≤ .          (1.6) 

Using (1.5), (1.6), we obtain  
1 1 2 2 3 3(( ) ( )) ( )w m w m w m, , , =  

11 2 2 3 3( ) ( )ww w l m w m= , + , =  

11 2 3 2( )ww w w l m= , + =  

1 1 2 3 2( ) ( )w m w w m= , , =  

1 1 2 2 3 3( ) (( ) ( ))w m w m w m= , , , .  
If  

2 2 orwl m n+ >  

2 3 2 1w wl l m n+ − + > ,  
then, obviously,  

1 1 2 2 3 3(( ) ( )) ( ) 0w m w m w m, , , = =  

1 1 2 2 3 3( ) (( ) ( ))w m w m w m= , , , .  
Thus, the axiom ( 3)D  holds.  

Let  
 

1 2 3w wl l m n+ + ≤ .                (1.7) 
From (1.7) it follows  

 
1 2wl m n+ < ,       (1.8) 

 
2 3wl m n+ < ,       (1.9) 

 
1 2 1 1w wl l m n+ − + < .         (1.10) 

According to (1.7)–(1.10), we have  
1 1 2 2 3 3(( ) ( )) ( )w m w m w m, , , =  

11 2 2 3 3( ) ( )ww w l m w m= , + , =  

1 21 2 3 3( )w ww w w l m= , + =  

1 21 2 3 3( )w ww w w l l m= , + + =  

21 1 2 3 3( ) ( )ww m w w l m= , , + =  

1 1 2 2 3 3( ) (( ) ( ))w m w m w m= , , , ,  

1 1 2 2 3 3(( ) ( )) ( )w m w m w m, , , =  

1 2 1 3 3( ) ( )w w m w m= , , =  

1 21 2 3 3( )w ww w w l m= , +  

and so, the axioms ( 5)D  and ( 4)D  of a dimonoid 
hold.  

If 
1 2 3w wl l m n+ + > ,  then, obviously, the axi-

oms ( 4)D  and ( 5)D  hold too.  
The proofs of the remaining cases are obvious.  
Consequently, ( )nFD X  is a dimonoid.  
Take arbitrary elements ( ) {0}i i nw m FD \, ∈ ,  

1 1i n≤ ≤ + .  It is clear that 
1 2 1 1 1

nw w …wl m n
+
− + > .  

From here  
1 1 2 2 1 1( ) ( ) ( ) 0n nw m w m … w m+ +, , , = .  

Besides, 1 2( 1) ( 1) ( 1) 0nx x … x, , , ≠  for any 
( 1) {0}i nx FD \, ∈ ,  where ix X∈ ,  1 i n≤ ≤ .  From the 
last arguments we conclude that ( )nFD ,  is a nilpo-
tent semigroup of nilpotency index n.   
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Further note that 
1 2 1nw w …w nl m n++ > .  From the 

above it follows that  
1 1 2 2 1 1( ) ( ) ( ) 0n nw m w m … w m+ +, , , = .  

Moreover,  
1 2( 1) ( 1) ( 1) 0nx x … x, , , ≠  

for any ( 1) {0}i nx FD \, ∈ ,  where ix X∈ ,  1 i n≤ ≤ .  
According to the above remarks we deduce that 
( )nFD ,  is a nilpotent semigroup of nilpotency in-
dex n.   

Thus, by the definition, ( )nFD X  is an n -dinil-
potent dimonoid.  

Let us show that ( )nFD X  is free.  
Let ( )T ′ ′, ,  be an arbitrary n -dinilpotent 

dimonoid and X Tγ : →  be an arbitrary map. De-
fine a map  

( ) ( )nFD X T u uλ λ′ ′: → , , : ,  
assuming  

uλ =
1

1

( )
if

1
0 if 0

s
l s

i

u x …x l
x … x … x

x X i s
u

γ γ γ
= , ,⎧

′ ′ ′ ′ ,⎪ ∈ , ≤ ≤ ,⎨
⎪ , = .⎩

 

Show that λ  is a homomorphism. We will use 
the axioms of a dimonoid.  

For arbitrary elements  
( ) ( )1 1 {0}i s j r nx …x …x l y …y …y t FD \, , , ∈ ,  

where i jx y X, ∈ ,  1 i s≤ ≤ ,  1 j r≤ ≤ ,  we obtain  

( ) ( )( )1 1i s j rx …x …x l y …y …y t λ, , =  

( )1 1 if 1
0 if 1

s rx …x y …y l s r l n
s r l n

λ
λ

, , + − + ≤ ,⎧
= ⎨

, + − + > ,⎩
 

( ) ( )( )1 1i s j rx …x …x l y …y …y t λ, , =  

( )1 1 if
0 if

s rx …x y …y s t s t n
s t n
λ

λ
, + , + ≤ ,⎧

= ⎨
, + > .⎩

 

If 1s r l n+ − + ≤ ,  then we have  
( )1 1s rx …x y …y l λ, =  

1 1l s rx … x … x y … yγ γ γ γ γ′ ′ ′ ′ ′ ′ ′= =  

1( )l sx … x … xγ γ γ′ ′ ′ ′ ′=  

1( )t ry … y … yγ γ γ′ ′ ′ ′ ′ =  

( )1 1( )i s j rx …x …x l y …y …y tλ λ′= , , .  

If 1s r l n+ − + > ,  then  
0 0λ = =  

1 1l s rx … x … x y … yγ γ γ γ γ′ ′ ′ ′ ′ ′ ′= =  

1( )l sx … x … xγ γ γ′ ′ ′ ′ ′=  

1( )t ry … y … yγ γ γ′ ′ ′ ′ ′ =  

1 1( ) ( )i s j rx …x …x l y …y …y tλ λ′= , , .  
In the case s t n+ ≤ ,   

( )1 1s rx …x y …y s t λ, + =  

1 1s t rx … x y … y … yγ γ γ γ γ′ ′ ′ ′ ′ ′ ′= =  

( )1 l sx … x … xγ γ γ′ ′ ′ ′ ′=  

( )1 t ry … y … yγ γ γ′ ′ ′ ′ ′ =  

( ) ( )1 1i s j rx …x …x l y …y …y tλ λ′= , , .  
If s t n+ > ,  then  

0 0λ = =  
1 1s t rx … x y … y … yγ γ γ γ γ′ ′ ′ ′ ′ ′ ′= =  

( )1 l sx … x … xγ γ γ′ ′ ′ ′ ′=  

( )1 t ry … y … yγ γ γ′ ′ ′ ′ ′ =  

( ) ( )1 1i s j rx …x …x l y …y …y tλ λ′= , , .  
The proofs of the remaining cases are obvious. 

Thus, λ  is a homomorphism. This completes the 
proof of Theorem 1.1.           □ 

Now we construct a dimonoid which is isomor-
phic to the free n -dinilpotent dimonoid of rank 1.  

Fix n∈N  and define operations  and  on  
{( )n m t= , ∈ × |N N N  

1 } {0}t m t n m t n≤ , ≤ , − + ≤ ∪  
by  

( ) ( )1 1 2 2m t m t, , =  

( )1 2 1 1 2 1

1 2 1

if 1
0 if 1

m m t m m t n
m m t n

+ , , + − + ≤ ,⎧
= ⎨

, + − + > ,⎩
 

( ) ( )1 1 2 2m t m t, , =  

( )1 2 1 2 1 2

1 2

if
0 if

m m m t m t n
m t n

+ , + , + ≤ ,⎧
= ⎨

, + > ,⎩
 

( ) ( )1 1 1 10 0 0 0 0m t m t, ∗ = ∗ , = ∗ =  

for all ( ) ( )1 1 2 2 {0}nm t m t \, , , ∈N  and { }∗∈ , .  An 
immediate verification shows that axioms of a 
dimonoid hold concerning operations  and .  So, 
( )n , ,N  is a dimonoid. Denote it by ( )n .N   

Lemma 1.1. If 1X| |= ,  then ( )( )n nFD X ≅ .N   
Proof. Assume { }X a=  and define a map  

( )( )n nFD Xη : → N  
by the rule  

( ) ( )
0 0

kk l u a l
u

u
η

⎧ , , = , ,
= ⎨

, = .⎩
 

An easy verification shows that η  is an iso-
morphism.              □ 
 

2 The least n -dinilpotent congruence on a 
free dimonoid  

In this section we present the least n -dinil-
potent congruence on a free dimonoid.  

Let [ ]F X  be the free dimonoid over X  (see 
introduction and preliminaries). Fix n∈N  and let  

[ ]( ) {( ) ornI w m F X m n= , ∈ | >  
1 }wl m n− + > .  
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Define a relation ( )nξ  on [ ]F X  by  

1 1 ( ) 2 2( ) ( )nw m w mξ, ,  if and only if  

1 1 2 2( ) ( )w m w m, = ,  or  

1 1 2 2 ( )( ) ( ) nw m w m I, , , ∈ .   
Theorem 2.1. The relation ( )nξ  on the free di-

monoid [ ]F X  is the least n -dinilpotent congruence.  

Proof. Let [ ]1 1 2 2( ) ( )w m w m F X, , , ∈ .  It is not 
difficult to see that  

 
1 2 1 1w wl l m n+ − + ≤         (2.1) 

implies  
 2m n< ,        (2.2) 

 
1 1 1wl m n− + < ,      (2.3) 

 
2 2 1wl m n− + <      (2.4) 

and  
 

1 2wl m n+ ≤           (2.5) 
implies (2.2), (2.3) and  

 1m n< .                 (2.6) 

Define a map [ ] ( )nF X FD Xϕ : →  by  

( )w m ϕ, =  

( ) if 1
0 if or 1

w

w

w m m n l m n
m n l m n

, , ≤ , − + ≤ ,⎧
= ⎨

, > − + >⎩
 

( ) [ ]( )w m F X, ∈ .  Show that ϕ  is a homomorphism.  
Let 1m n> .  Then  

( ) ( ) ( )1 1 2 2 1 2 1 0w m w m w w mϕ ϕ⎛ ⎞
⎜ ⎟
⎝ ⎠

, , = , = =  

( ) ( ) ( )2 2 1 1 2 20 w m w m w mϕ ϕ ϕ= , = , , .  
In the case 1m n≤  we consider the following 

two cases. If (2.1) holds, then, using (2.2)–(2.4), we 
have  

( ) ( ) ( )1 1 2 2 1 2 1w m w m w w mϕ ϕ⎛ ⎞
⎜ ⎟
⎝ ⎠

, , = , =  

( ) ( ) ( )1 2 1 1 1 2 2w w m w m w m= , = , , =  

( ) ( )1 1 2 2w m w mϕ ϕ= , , .  
If  

1 2 1 1w wl l m n+ − + > ,  
then  

( ) ( ) ( )1 1 2 2 1 2 1w m w m w w mϕ ϕ⎛ ⎞
⎜ ⎟
⎝ ⎠

, , = , =  

( ) ( )1 1 2 20 w m w mϕ ϕ= = , , .  
Thus,  

( ) ( )1 1 2 2w m w m ϕ⎛ ⎞
⎜ ⎟
⎝ ⎠

, , =  

( ) ( )1 1 2 2w m w mϕ ϕ= , ,  

for all [ ]1 1 2 2( ) ( )w m w m F X, , , ∈ .   

Let 
2 2 1wl m n− + > .  Then  

( ) ( )
11 1 2 2 1 2 2ww m w m w w l mϕ ϕ⎛ ⎞⎛ ⎞

⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
, , = , + =  

( ) ( ) ( )1 1 1 1 2 20 0w m w m w mϕ ϕ ϕ= = , = , , .  
In the case 

2 2 1wl m n− + ≤  we consider the fol-
lowing two cases. If (2.5) holds, then, using (2.2), 
(2.3), (2.6), we have  

( ) ( )
11 1 2 2 1 2 2ww m w m w w l mϕ ϕ⎛ ⎞⎛ ⎞

⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
, , = , + =  

( ) ( )
11 2 2 1 1 2 2ww w l m w m w m⎛ ⎞

⎜ ⎟
⎝ ⎠

= , + = , , =  

( ) ( )1 1 2 2w m w mϕ ϕ= , , .  
If 

1 2wl m n+ > ,  then  

( ) ( )
11 1 2 2 1 2 2ww m w m w w l mϕ ϕ⎛ ⎞⎛ ⎞

⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
, , = , + =  

( ) ( )1 1 2 20 w m w mϕ ϕ= = , , .  
Thus,  

( ) ( )1 1 2 2w m w m ϕ⎛ ⎞
⎜ ⎟
⎝ ⎠

, , =  

( ) ( )1 1 2 2w m w mϕ ϕ= , ,  

for all [ ]1 1 2 2( ) ( )w m w m F X, , , ∈ .  Consequently, ϕ  
is a surjective homomorphism.  

By Theorem 1.1 ( )nFD X  is the free n -dinil-
potent dimonoid. Then ϕΔ  is the least n -dinilpotent 

congruence on [ ]F X .  From the definition of ϕ  it 
follows that ( )nϕ ξΔ = .             □ 
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