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RESEARCH ARTICLE
Every Invariant Measure Semigroup Contains an Ideal
which is Embeddable in a Group

A. R. Mirotin

Communicated by Karl H Hofmann

Abstract
We show that every invariant measure semigroup S with associated invariant
measure p contains an ideal So which is embeddable as an open subsemigroup in
a locally compact abelian group G in such a way that the restriction to Se-of u
coincides with the restriction to So of a Haar measure on G. This is a positive
answer to a question posed by J.H.Williamson. As a consequence the generalization
of Pontryagin’s duality theorem for S is obtained.

Key words and phrases. Topological semigroup, invariant measure, embedding in a
group, character.
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1. Introduction

The survey article by J.H.Williamson [1, p. 15] contains in particular a problem
concerning the embedding of an abelian topological semigroup S with invariant
measure p in a locally compact abelian group G in such a way that p is the restriction
to S of a Haar measure on G. The affirmative answer was given by R.Rigelhoff [2] :
when translation mappings are open, S is locally compact and supp y = S (see also
[3]). The general case was studied by A.L.T.Paterson [4], where invariant measure
semigroups (S, 1) are investigated, useful techniques developed and the connection
between such an (S, u) and some locally compact abelian group G with Haar measure
explored (see Corollary of Theorem 1 below). In the present paper we show that
every invariant measure semigroup contains an ideal Sp which is embeddabl as an
open subsemigroup in a locally compact abelian group G, and the restriction to S
of 41 and of Haar measure on G coincide. Some earlier results concerning (S, ) (see
[2], [4] - [6]) are corollaries of this fact. Thus an affirmative answer to the question
posed by J.H.Williamson has been given in a form that is close to the original setting
of the problem. As a consequence the generalization of Pontryagin’s duality theorem
for S is obtained. For locally compact S the result was announced in [7].

According to [4] in what follows invariant measure semigroup means an abelian
Hausdorff topological semigroup S with non-zero inner regular measure p on the
sigma ring generated by the family C(S) of all compact subsets of S such that
p(zC) = u(C) < oo for all z € S and every C € C(S), and

i (U) = sup{pu(C) : C € C(S),C C U} <0

for U in a neigborhood base for S.
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As an example of such a semigroup one can take the Nemytskij plane with
usual addition and Lebesgue measure suitably restricted (see section 3, for other
examples see [4]).

In the sequel, S stands for an invariant measure semigroup with associated
measure p, Co(S) is the set of all C € C(S) with u(C) > 0, and 14 denotes the
indicator of the subset A C S. For a locally compact abelian group G we denote the
dual group by G.

2. Some lemmas

We will employ four lemmas to prove our main result.

Lemma 1. Let C,D € C(S). Then the function (s,t) — u(sCNtD) is continuous
on SxS.

Proof. For all s,5¢ and t,%o from S we have
sCNtD C (s0C NtyD) U (sC A 59C) U (¢D Aty D).
Therefore
wu(sC NtD) < p(soC NtgD) + p(sC A s0C) + u(tD A tyD).
The same inequality is true if (s,%) and (so,?p) are interchanged. So
|u(sC NtD) — u(soC NteD)| < u(sC A soC) + u(tD A tyD).

Given ¢ > 0 there exists an open U D $,C such that u.(U) < u(C) +¢/4 [4, p.
322]. By the continuity of multiplication there exists a neighborhood V of s, such
that VC C U. For s in V we have

p(s0C A sC) = p(sC \ soC) + p(s0C \ sC) < g/2.

The same inequality is true with ¢y and ¢ in place of s; and s respectively. This
completes the proof. [

Now we shall define “unilateral shift operator” on L?(S) := L?(S, ) and show
that such an operator may be extended to a “bilateral shift operator” on some Hilbert
space H D L*(S). For C € C(S) and s in S we define the translation of 1¢ by the
formula

To(S)lc = lsC

and then extend the mapping 70(S) to the linear span P of the set {1¢ : C € C(9)}
by the linearity.

Lemma 2. The operator To(s) is an isometry of the space P with respect to the
L?-norms and therefore has the unique isometric extention 7o(s) to L*(S).

355



MIROTIN

Proof. Every function f = Y ceraclc from P (T is a finite subset of C(S),ac €
C) has the unique representation f = Y47 Bala, where J is a family of disjoint
subsets of S of the form (NK)\ U (Z\K) with KX C Z, and 84 € C. Hence, Lemma
2 is the consequence of the formula (K and £ are finite subsets of C(S),t € S).

p((NcertC) \ (UpectD)) = p((NcexC) \ (UpecD)). (1)

Since
#((NcextC) \ (UpertD)) = u(NcextC) — p((NeextC) N t(Upec D)),
in turn the formula (1) follows from the equality (E; € C(S),t € S)
W(MiertEs) = p(Mis B).- (2)

One can easily to prove (2) by induction on n, applying the inclusion and exclusion
formula to both sides of the obvious equality

PlOREY= plUl LB
and the proof is complete. ]
It is trivial that 7y is a representation of S by operators on L?(S5).

Lemma 3.  The representation 19 may be extended to a strongly continuous uni-
tary representation T of S by operators on some Hilbert space H containing L?(S).

Proof. We shall use the “main theorem” from [8, Sec. 6]. Adjoin if necessary the
unit e to S and using the notation S* for such a semigroup consider the semigroup
I':= S! x S! with involution (s,%)* := (¢,s). Let mo(e) be the identity operator We
shall now prove that operator-valued function

= TO(S)V*TO(t)

meets all the conditions a)—c) of the “main theorem”. Validity of condition a) is
trivial. To verify b) take two finite sequences (s;,t;) € I' and g;; € L?*(S) and
consider the summ ((,) denotes the inner product in L?(S))

p= Z}:(T (51, t5)" (8K tn)) Gkns Gis)

u,J kn
=3 > UT(ts8kiSitn)Grmdis)
2] kn
= Z Z(TO 32 gk:ru TO(t Sk)gzj>
., k.,

Zz 70 51 ZTO gkn,TO(Sk ZTO gl]>

7
Setting hy := ¥, To(tn)gkn and using the fact that 79(s) is an L2-isometry we have

o — Z Xk:(To(Si)hh To(sk)hs)
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= Z%:(TO( IT sn)mo(si)hws 7ol T sn)7o(sk)Rs)

Tk n#i,k
= [1>_7o(I] sa)hall® 2 0,
k n#k
and the condition b) is fulfilled. :

The condition ¢) with constant C, = 1 follows from the inequality ||T'(s, t)|| <
1 [8, Addition, Item 4].

Thus, there is such a representation D of I' by operators on some Hilbert
space H D L%(S) that T'(s,t) = prD(s,t). If we denote 7(s) := D(e,s) this last
equation implies that (s,t € S*)

70(s)"70(t) = pr7(s)"r(t). -

Consequently 7o(s) is the restriction of 7(s) to L%(S) [8, Sec. 5, remark after
Theorem VI].
Let (a,b) and (c,d) belong to I'. Then for every C, D in C(S) the function

(57 t) = (T((a7 b) (S, t) (C, d))1D7 1C> = <TO (asc)*TO(btd)lDa 1C>

= (1o(btd)1p, mo(asc)lc) = u(sacC N tbdD)

is continuous on S x S by Lemma 1. Hence by the conclusion 3) of the “main
theorem”, D is weakly continuous on S x S and sois 7 on S.
Finally in the notation of [8, Sec. 6] we have (see formulas (19) and (24)

therein)
<fa f’) = Z Z(T(f*n)gm g’§>7
€ n

(D()f, f') = 33 AT(E am)gn, )
e
Since operators 7o(s) are isometric it follows that for every a € T
(D@ a)f, f) = (f.f).

Thus the representation D is unitary and hence it is strongly continuous on S x S.
This completes the proof. [ ]

Let supp p be the support of u, that is [4, p. 321]
supp # = {t € S : p.(U) > 0 for every neighborhood U of ¢ }.

Lemma 4. For arbitrary t € suppp the restriction T|tS is an injection into
Aut H.

Proof. Let t € suppu;z,y € S and tx # ty. Then Cz N Cy = @ for some
C € Co(S). It follows that 7(z)lc # 7(y)1c. Hence 7(tz) # 7(ty). L
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3. The main result

Now we can state our main theorem.

Theorem 1. Let S be an invariant measure semigroup with associated measure
t. There ezist a locally compact abelian group G, a continuous homorphism T of
S into G and an ideal Sy in S with cancellations with respect to the elements of S
such that

(1) the restriction 7|Sy s a topological embedding,

(2) 7(So) is open in G and generates G,

(3) the image T(uo) of the restriction pg := p|Sy and the restriction of some
Haar measure on G to the 7(S;) coincide.

Proof. Let G :=7(S)7'7(S) be the subgroup of AutH generated by 7(S). Then
G is an abelian topological group with respect to the strong operator topology. Fix
A € Cy(S) and let Q denotes the continuous mapping (z,y) — (z,zy) on S x S into
itself. Consider the cutsets of Q(A x A)

sA, forse A

(QAx A));:={teS:(st) € QAx A)} = { 9, fors¢A,

(QAx A)t={seS:(s5,t) € Q(Ax A)} = AN 4,

where A1t := {s € S:as=tforsomea€ A};s,t € S. Using the Fubini’s theorem,
we have

[ uamt0 Aydu() = [ w(@Q(A x 4)))du(t)

—/ﬂ QA x A)),)du(s) = p(A)? > 0.

So there exists ¢, € S such that B := A~ N A belongs to Cy(S) (the preceding
arguments is related to that given in [4, p. 327]).
Consider the neighborhood of the operator 7(¢y) in G

N :={r(s)7'7(t) : [I7(s) 7 (2)1 B—T(to)lBHH < u(B)}-

Since
1 9
HT(S)_lT(t)lB = T(tg)lBHH = ||T(‘l’)1B =2 T(Sto)lB“LZ(s) = /L(tB A StoB),

N C {r(s)"'7(t) : tBN stoB # B}.

Therefore, if 7(s)™'7(¢t) € N,thy = stoby for certain by,b, € B. Since b €
A~ ,aby = t; for some a € A. Hence styhya = thia = tt, and TS ) =
7(bea) € T(BA). Thus BA belongs to Co(S) and N C intr(BA). In particular G is
locally compact.

Set Y := 77Y(N7(S)). Then Y is an open ideal in S. Let t € supp x and
Sp :=tY. By Lemma 4 the map 7|Sp is an algebraic embedding of S, into G and S,
has cancellations with respect to the elements of S, i. e. sz = sy implies z = y for
s€ S and z,y € Sp. Being an ideal in 7(5), 7(So) generates G.
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Now we have to show that the restriction 7|Sp : Sy — G is an open mapping.
Let U be an open subset of S and choose an arbitrary 7(ty) € 7(U N Sy), where
y€Y,ty e U. Since 7(y) € N7(S),7(y) € N, := N7(z) C 7(xBA) for some z € S.
Set V := 771(N;). Note that y € V C Y. Since 7(V) = N; C 1(xBA),7(tV) C
7(tzBA). By Lemma 4 tV C tzBA and 7 injectively maps the compact tzBA onto
7(txBA). Hence 7|tV is a homeomorphism of tV onto 7(¢tV') = 7(¢)N;. Since UNtV
is open in tV, 7(U NtV) is open in 7(t)N;. In turn as 7(¢)N; is open in G and
r(ty) € T(UNtV) CT(UNSp),7(U N Sy) is open in G.

It remains to prove the last statement of the theorem. To simplify the notation
identify Sy with 7(S;), and wo with 7(uo). Since Sy is open in G and G = S;'S,,
for every K € C(G) there ixists a € Sy such that aK C Sy. Setting v(K) := uo(aK)
(note that this definition is correct ) we obtain a function on C(G) which is translation
invariant and satisfy all the conditions of Theorem 1 of [9, Sec. 3, Item 1]. By this
last theorem v is a restriction to C(G) of some Haar measure on G, and the proof is
complete. [ ]

Corollary (cf. [4, p. 314]). (i) The map T is a continuous homomorphism of S
onto a subsemigroup of G with nonempty interior, which generates G. Futher there
ezists a Haar measure v on G such that u(C) = v(7(C)) for every C € C(S).

(ii) The map T 1is injective if and only if S is cancellative.

(iii) The map 7 is a topological embedding if and only if the following condition
holds: if (t,) is a net in S, s € S and st, — st, then t, — t.

Proof. The last statement of (i) follows from the invariance of .

(ii). This follows from Lemma 4.

(iii). The necessity of the condition is obvious. For the convers, first note
that our assumption implies that S is cancellative. Hence by (ii) 7 is an algebraic
embedding of S into G. Now let, in 7(5),7(to) — 7(¢)(t,to € S). Then 7(st,) —
7(st) for s € Sy. Since 7|5y is a homeomorphism onto 7(Sp), st, — st and therefore
to = t. So 771 : 7(S) — S is continuous and (iii) is proved. =

The following example illustrates the preceding constructions.

Example . Let S be the Nemytskij plane (see e.g. [10, Example 1.2.4]), S =
{(z,y) € R? : y > 0}. With usual addition and Lebesgue measure suitably re-
stricted S is an invariant measure semigroup, which is not embeddable in any topo-
logical group. Clearly, H = L?*(R?) and 7 is a restriction to S of the regular
representation of the group R? in L?(R?). In addition, for every locally compact
group (in particular, for R?) the “Weil topology” and the initial topology coincide
(see e. g. [11]). Therefore the group G is algebraically and topologically isomor-
phic to R? and the semigroup 7(S) is algebraically and topologically isomorphic to
Sy == {(z,y) € R? : y > 0} with usual (relative) topology. Identify G with R?
and 7(S) with S;, so that 7 is an identity mapping. Then N is open in R? and
Sp =t+ N + 5] is an open half-plane.
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4. The group of characters

Let X be the group of (unitary) characters of S, endowed with the compact-open
topology.

Theorem 2. The group G is algebraically and topologically isomorphic to the
dual group X and this isomorphism carries T onto the natural mapping w:S — X.

Proof. Denote by X; the character group of 7(S;) endowed as usual with the
compact-open topology. We now show that the restriction map j; : & — &|7(So)
from G to X; is a topological group isomorphism. Clearly j; is a continuous group
homomorphism. Since every ¥ € X; may be extended, in a unique manner, to a
character £ = j7'(¢) € G by the formula £(a1b) = %(b)/%(a)(a,b € 7(So)), 41 is
a bijection. To prove the continuity of ji*, choose K € C(G),e > 0 and denote by
P(K,¢) and P,(K,¢) standard neighborhoods of unit in G and X, respectively (in
the second case K € C(Sp)). Take a € 7(Sp) so that aK C 7(Sp). Since for ¢ € X;
and z.e K

i (@) (z) — 1] = [¥(az) — ¥(a)| < [¥(az) — 1] + |¥(a) - 1],

it follows that
iv ' (Pu(aK U{a},e/2)) € P(K,¢).
Thus 57 is continuous.

Let X, denotes the character group of Sp. By the argument similar to that
given above the restriction map j» : x = x|So from X to X, is a topological group
isomorphism (note that j5'(¥)(s) = ¥(as)/v¥(a) where ¥ € Xo,5s € S,a € Sp) .
Since the map 7 : ¢ — ¥ o7 from X; to X, is a topological group isomorphism, so
is.d =dloF o, frgm G to X. One can easily verify that J(&) = & o7 for every
ge G letds X — G be the dual mapping. Then the following diagram commutes
( @ is a natural map)

7
—
—

=

T D)
e e

In fact, for £ € G and s € S we have

J(@(s))(€) = w(s)(I(€)) = T(€)(s) = &(7(s)) = al(7(5)) (€),

i. e. Jow = ao7. This completes the proof. ]

Remark 1. Theorems 1 and 2 imply the generalization of Pontryagin’s duality
theorem for S.

Remark 2.  According to [5] the group G constructed in [4] is also algebraically
and topologically isomorphic to X and this isomorphism carries the map @ : S —» G
from [4, p. 315] onto w. Thus this group is isomorphic to the group G constructed
above.
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Corollary . The following are equivalent:

ke S ds.discretes
2. X is compact;
3. p({a}) >0 for some a € S.

Proof. Implications 1 — 2 and 2 — 3 follow from Theorems 1 and 2 immediately.
To prove 3 — 1, note that u({b}) = p({a})(= u({ab})) for any b € S and
p+(U) < 0o for U in a neighborhood base for S. ]
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