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������������� �������

�§¢¥áâ­ ï â¥®à¥¬  �ã¤¨­ {� à«¥á®­  (á¬., ­ ¯à., [1], á. 125, 6.3.1) å à ªâ¥à¨§ã¥â ª®¬¯ ªâ-
­ë¥ ¯®¤¬­®¦¥áâ¢  ®ªàã¦­®áâ¨, ¨­â¥à¯®«ïæ¨®­­ë¥ ¤«ï ¤¨áª- «£¥¡àë, ª ª ¬­®¦¥áâ¢  ­ã«¥¢®©
¬¥àë �¥¡¥£ . �¤­ ª® ã¦¥ ¢ á«ãç ¥ ¯®«¨ªàã£  á¨âã æ¨ï ¡®«¥¥ á«®¦­ ; ¤«ï ª®¬¯ ªâ  ­  n-¬¥à-
­®¬ â®à¥ (n > 1) ­ «¨ç¨¥ ­ã«¥¢®© «¥¡¥£®¢®© ¬¥àë (¬¥àë �  à ), ¯à®¤®«¦ ï ¡ëâì ­¥®¡å®¤¨-
¬ë¬, ¯¥à¥áâ ¥â ¡ëâì ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¨­â¥à¯®«ïæ¨®­­®áâ¨ (á¬. â ¬ ¦¥, â¥®à¥¬  6.3.4).
�ï¤ ¤®áâ â®ç­ëå ãá«®¢¨©, á¬ëá« ª®â®àëå ¢ ¬ «®áâ¨ à áá¬ âà¨¢ ¥¬®£® ª®¬¯ ªâ  ¢ â®¬ ¨«¨
¨­®¬ á¬ëá«¥, ¤«ï ¯®«¨ªàã£  ¨§«®¦¥­ ¢ ([1], xx 6.2, 6.3; [2]). �«ãç © è à  à áá¬®âà¥­ ¢ [3], £¤¥
¨¬¥îâáï ¤ «ì­¥©è¨¥ ¡¨¡«¨®£à ä¨ç¥áª¨¥ ãª § ­¨ï.

�­â¥à¥á­®¥ ®¡®¡é¥­¨¥ ¯®­ïâ¨ï  ­ «¨â¨ç­®áâ¨, â¥á­® á¢ï§ ­­®¥ á  ¡áâà ªâ­ë¬ £ à¬®­¨ç¥-
áª¨¬  ­ «¨§®¬, ¡ë«® ¯à¥¤«®¦¥­® �.�à¥­á®¬ ¨ �.�. �¨­£¥à®¬ ¢ à ¡®â¥ [4], ª®â®à ï ¯®à®¤¨« 
®¡è¨à­ãî «¨â¥à âãàã. �à¨ íâ®¬ ®á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«ï«®áì á«ãç î  àå¨¬¥¤®¢®© ã¯®àï¤®-
ç¥­­®áâ¨ (á¬. [5], £«. VII; [6], £«. VIII). � á®¢à¥¬¥­­ë¬ á®áâ®ï­¨¥¬ íâ®© ®¡« áâ¨ ¨áá«¥¤®¢ ­¨©
¬®¦­® ¯®§­ ª®¬¨âìáï ¯® ¬®­®£à ä¨¨ [7] ¨ ®¡§®àã [8] (á¬. â ª¦¥ [9]).

�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ¯®¤¬­®¦¥áâ¢ ª®¬¯ ªâ­ëå  ¡¥«¥¢ëå £àã¯¯, ¨­-
â¥à¯®«ïæ¨®­­ëå ¤«ï  «£¥¡àë ®¡®¡é¥­­ëå  ­ «¨â¨ç¥áª¨å ¯® �à¥­áã{�¨­£¥àã äã­ªæ¨©. �âà®£®
£®¢®àï, ¯®­ïâ¨¥ ®¡®¡é¥­­®©  ­ «¨â¨ç­®áâ¨, ¯à¨­ïâ®¥ ¢ ¤ ­­®© à ¡®â¥, ï¢«ï¥âáï ­¥áª®«ìª® ¬¥-
­¥¥ ®£à ­¨ç¨â¥«ì­ë¬, ç¥¬ ¢ [4], ¨ á«¥¤ã¥â ¯®¤å®¤ã, ¯à¥¤«®¦¥­­®¬ã ¢ [10]. �®¯ãâ­® ãáâ ­®¢«¥­ë
­¥ª®â®àë¥ á¢®©áâ¢  ®¡®¡é¥­­ëå  ­ «¨â¨ç¥áª¨å äã­ªæ¨©, ¨¬¥îé¨¥, ¢®§¬®¦­®, á ¬®áâ®ïâ¥«ì-
­ë© ¨­â¥à¥á. �àå¨¬¥¤®¢  ã¯®àï¤®ç¥­­®áâì, ª ª ¯à ¢¨«®, ­¥ ¯à¥¤¯®« £ ¥âáï.

� à ¡®â¥ ¤®ª § ­  â¥®à¥¬  ® áà¥¤­¥¬ ¤«ï ®¡®¡é¥­­ëå  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ¨ à áá¬ -
âà¨¢ ¥âáï á¢®©áâ¢® ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨  «£¥¡àë â ª¨å äã­ªæ¨©, ¤ îâáï ã¤®¡­ë¥
¤®áâ â®ç­ë¥ ãá«®¢¨ï ¨­â¥à¯®«ïæ¨®­­®áâ¨ ª®¬¯ ªâ­ëå ¬­®¦¥áâ¢ . �¥§ã«ìâ âë áâ âì¨ ¡ë«¨ ç -
áâ¨ç­®  ­®­á¨à®¢ ­ë ¢ [11].

1. �®«ãå à ªâ¥àë

�áî¤ã ­¨¦¥ S | ¤¨áªà¥â­ ï  ¡¥«¥¢  ¯®«ã£àã¯¯  á á®ªà é¥­¨ï¬¨ ¨ ¥¤¨­¨æ¥© e, § ¯¨áë¢ -
¥¬ ï ¬ã«ìâ¨¯«¨ª â¨¢­®, G = S�1S | £àã¯¯  ç áâ­ëå ¤«ï S.

�®«ãå à ªâ¥à®¬ ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï £®¬®¬®àä¨§¬  ¯®«ã£àã¯¯ë S ¢ ¬ã«ìâ¨¯«¨ª -
â¨¢­ãî ¯®«ã£àã¯¯ã D = fz 2 C : jzj � 1g, ­¥ ï¢«ïîé¨©áï â®¦¤¥áâ¢¥­­ë¬ ­ã«¥¬. � à ªâ¥à ¬¨
­ §ë¢ îâáï ¯®«ãå à ªâ¥àë, à ¢­ë¥ ¯® ¬®¤ã«î ¥¤¨­¨æ¥.

�­®¦¥áâ¢® ¢á¥å ¯®«ãå à ªâ¥à®¢ ¤ «¥¥ ®¡®§­ ç ¥âáï ç¥à¥§ bS,   ¥£® ¯®¤¬­®¦¥áâ¢®, á®áâ®ïé¥¥
¨§ ­¥®âà¨æ â¥«ì­ëå ¯®«ãå à ªâ¥à®¢, ç¥à¥§ bS+. � ¤¥«¥­­ë¥ â®¯®«®£¨¥© ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨
íâ® ª®¬¯ ªâ­ë¥ â®¯®«®£¨ç¥áª¨¥ ¯®«ã£àã¯¯ë ¯® ã¬­®¦¥­¨î á ¥¤¨­¨æ¥© 1 ( bS ª®¬¯ ªâ­®, ­ ¯à.,
ª ª ¯à®áâà ­áâ¢® ¬ ªá¨¬ «ì­ëå ¨¤¥ «®¢  «£¥¡àë l1(S) [4]).

�®¬¯ ªâ­ãî £àã¯¯ã ¢á¥å å à ªâ¥à®¢ ¯®«ã£àã¯¯ë S ¡ã¤¥¬ ®¡®§­ ç âì X. � ¦¤ë© å à ªâ¥à
� 2 X ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®¤®«¦ ¥âáï ¤® å à ªâ¥à  £àã¯¯ë G ¯® ä®à¬ã«¥ �(a�1b) :=
�(a)�(b) (a; b 2 S), çâ® ¯®§¢®«ï¥â ®â®¦¤¥áâ¢«ïâì X á £àã¯¯®© å à ªâ¥à®¢ £àã¯¯ë G (íâ® á¯¥-
æ¨ «ì­ë© á«ãç © à¥§ã«ìâ â , ãáâ ­®¢«¥­­®£® ¢ [12]). �­ «®£¨ç­® ª ¦¤ë© ¯®«ãå à ªâ¥à � 2 bS+
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¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®¤®«¦ ¥âáï á® á¢®¥£® ­®á¨â¥«ï S(�) ¤® £®¬®¬®àä¨§¬  e� £àã¯¯ë ç áâ-
­ëå G(�) ¯®«ã£àã¯¯ë S(�) ¢ ¬ã«ìâ¨¯«¨ª â¨¢­ãî ¯®«ã£àã¯¯ã ¯®«®¦¨â¥«ì­ëå ¤¥©áâ¢¨â¥«ì­ëå
ç¨á¥«.

�®£« á­® â¥®à¥¬¥ 3.1 ¨§ [4] ª ¦¤ë© ¯®«ãå à ªâ¥à  2 bS ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥
 = ��, £¤¥ � 2 X,   ¯®«ãå à ªâ¥à � 2 bS+ ®¯à¥¤¥«ï¥âáï ¯®  ®¤­®§­ ç­®.

� ¯®«ãå à ªâ¥à®¬ � 2 bS+ á¢ï§ ­ë ¯®¤¯®«ã£àã¯¯ë S(�) := fs 2 S : �(s) > 0g ¨ S� := fs 2
S : �(s) = 1g ¯®«ã£àã¯¯ë S, ¤®¯®«­¥­¨¥ ª®â®àëå, ¥á«¨ ®­® ­¥ ¯ãáâ®, ï¢«ï¥âáï ¨¤¥ «®¬ S. � -
ª¨¥ ¨¤¥ «ë ­ §ë¢ îâáï ¯à®áâë¬¨; íâ® ¢ â®ç­®áâ¨ â¥ ¨¤¥ «ë, ¤®¯®«­¥­¨ï ª®â®àëå ï¢«ïîâáï
¯®¤¯®«ã£àã¯¯ ¬¨ ¯®«ã£àã¯¯ë S, ¯®áª®«ìªã ¨­¤¨ª â®àë (å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨) ¤®¯®«-
­¥­¨© ¯à®áâëå ¨¤¥ «®¢ ¯à¨­ ¤«¥¦ â bS+. �à®áâë¥ ¨¤¥ «ë, ®â«¨ç­ë¥ ®â S nfeg, ¡ã¤¥¬ ­ §ë¢ âì
­¥âà¨¢¨ «ì­ë¬¨. �¥à¥§ ! ®¡®§­ ç¨¬ ¨­¤¨ª â®à ¬­®¦¥áâ¢  feg. � ª®­¥æ ®â¬¥â¨¬,çâ® áâ¥¯¥­ì
�0 ¯® ®¯à¥¤¥«¥­¨î ¥áâì ¨­¤¨ª â®à S(�), ¨ çâ® �z 2 bS n X ¯à¨ � 2 bS+, � 6= 1; z 2 �, £¤¥
� := fRe z > 0g ([4], x 7).

2. �«£¥¡à  ®¡®¡é¥­­ëå  ­ «¨â¨ç¥áª¨å äã­ªæ¨©

�¯à¥¤¥«¥­¨¥ 1. �®¬¯«¥ªá­®§­ ç­ãî äã­ªæ¨î F ­  bSnX ¡ã¤¥¬ ­ §ë¢ âì ®¡®¡é¥­­®©  ­ -

«¨â¨ç¥áª®©, ¥á«¨ ¤«ï «î¡ëå ¯®«ãå à ªâ¥à®¢ �,  ¨§ bS n X, � � 0 ®â®¡à ¦¥­¨¥ z 7! F (�z )
 ­ «¨â¨ç­® ¢ ®âªàëâ®© ¯à ¢®© ¯®«ã¯«®áª®áâ¨ � ¨ ­¥¯à¥àë¢­® ¢ +0.

� ¢­®¬¥à­ãî  «£¥¡àã äã­ªæ¨©, ­¥¯à¥àë¢­ëå ­  bS ¨  ­ «¨â¨ç¥áª¨å ­  bS nX, ¡ã¤¥¬ ®¡®§­ -
ç âì A( bS). �«ï  ¤¤¨â¨¢­®© ¯®«ã£àã¯¯ë Zn+ ¯®«ãç ¥¬ ¯®«¨ªàã£®¢ãî  «£¥¡àã | à ¢­®¬¥à­ãî
 «£¥¡àã äã­ªæ¨©,  ­ «¨â¨ç¥áª¨å ¢ ®âªàëâ®¬ ¯®«¨ªàã£¥ ¨ ­¥¯à¥àë¢­ëå ¢ ¥£® § ¬ëª ­¨¨ (¢
íâ®¬ á«ãç ¥ ®¯à¥¤¥«¥­¨¥ 1 £ à ­â¨àã¥â  ­ «¨â¨ç­®áâì ¯® ª ¦¤®© ¯¥à¥¬¥­­®© ¢ ®â¤¥«ì­®áâ¨).

� ¦¤ ï  ­ «¨â¨ç¥áª ï ¯® �à¥­áã{�¨­£¥àã äã­ªæ¨ï ¯à¨­ ¤«¥¦¨â A( bS) (íâ® ¬®¦­® ¤®ª -
§ âì, ª ª ¢ [4], â¥®à¥¬  7.4). �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥, ¢®®¡é¥
£®¢®àï, ­¥¢¥à­®.

�à¨¬¥à 1. �á«¨ S |  ¤¤¨â¨¢­ ï ¯®«ã£àã¯¯  f0; 2; 3; : : : g, â® äã­ªæ¨ï F (z) = z ¯à¨­ ¤«¥-
¦¨â A( bS) = A(D ), ­® ¯® â¥®à¥¬¥ 2.6 ¨§ [4] ­¥  ­ «¨â¨ç­  ¯® �à¥­áã{�¨­£¥àã, â. ª. ¯à¥®¡à §®¢ ­¨¥
�ãàì¥ ¥¥ áã¦¥­¨ï ­  ¥¤¨­¨ç­ãî ®ªàã¦­®áâì ­¥ á®cà¥¤®â®ç¥­® ­  S.

�à¨¬¥à ¬¨ äã­ªæ¨© ¨§ A( bS) ï¢«ïîâáï  ­ «¨â¨ç¥áª¨¥ ¯®«¨­®¬ë, â. ¥. äã­ªæ¨¨ ­  bS ¢¨¤ 

p( ) :=
nX
i=1

ci bai( );
£¤¥ ci 2 C ,  2 bS, bai( ) :=  (ai), ai 2 S.

�®«¥¥ ®¡é¨¬ ®¡à §®¬,  «£¥¡à¥ A( bS) ¯à¨­ ¤«¥¦¨â ¯à¥®¡à §®¢ ­¨¥ � ¯« á  (= ¯à¥®¡à §®¢ -
­¨¥ �¥«ìä ­¤  [4]) «î¡®© äã­ªæ¨¨ f ¨§ l1(S), â. ¥. A( bS) á®¤¥à¦¨â ¢á¥ äã­ªæ¨¨ ¢¨¤ 

bf( ) =X
s2S

f(s) (s) ( 2 bS):
� ç áâ­®áâ¨, § ä¨ªá¨àã¥¬ ¢¥á®¢ãî äã­ªæ¨î w : S ! R+ , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨îP

s2S

w(s) = 1. �®£¤  ¤«ï «î¡®© ®£à ­¨ç¥­­®© äã­ªæ¨¨ b ­  S äã­ªæ¨ï  7! h ; bi, £¤¥  2 bS,
¯à¨­ ¤«¥¦¨â A( bS) (ã£«®¢ë¥ áª®¡ª¨ ¢¥§¤¥ ®§­ ç îâ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ l2(S;w)).

�¥®à¥¬  1. �ãáâì F 2 A( bS). �á«¨ ¯®«ãå à ªâ¥àë �1; �2 2 bS+ ã¤®¢«¥â¢®àïîâ «¨¡® ãá«®¢¨î

S(�1) = S(�2), «¨¡® ãá«®¢¨î S�1 = S�2 , â® á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®Z
X

F (�1�)d� =
Z
X

F (�2�)d�;

£¤¥ d�| ­®à¬¨à®¢ ­­ ï ¬¥à  �  à  £àã¯¯ë X.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® S(�1) = S(�2). �®£¤  äã­ªæ¨ï

f(z) =
Z
X

F (�1
z�2�)d�

¡ã¤¥â, ®ç¥¢¨¤­®, ­¥¯à¥àë¢­  ¢ ¯®«ã¯«®áª®áâ¨ � = fRe z > 0g,   â ª¦¥ ¢ +0. �à®¬¥ â®£®, ®­ 
 ­ «¨â¨ç­  ¢ �, ­ ¯à¨¬¥à, ¯® â¥®à¥¬¥ �®à¥àë. � á¨«ã ãá«®¢¨© �®è¨{�¨¬ ­  ¤«ï «î¡®£® � > 0
(z = x+ iy) ¨¬¥¥¬

f 0(�) =
@f(�)
@x

=
1
i

@f(�)
@y

=
1
i
lim
h!0

1
h

�Z
X

F (�1�+ih�2�)d��
Z
X

F (�1��2�)d�
�
:

� ¬¥â¨¬ â¥¯¥àì, çâ® å à ªâ¥à �ih1 ¬®¦¥â ¡ëâì ¯à®¤®«¦¥­ á ¯®«ã£àã¯¯ë S(�1) ¤® ­¥ª®â®à®£®
å à ªâ¥à  �h ¯®«ã£àã¯¯ë S (¤®áâ â®ç­® ¯à¨¬¥­¨âì â¥®à¥¬ã �®­âàï£¨­  ª ¯à®¤®«¦¥­¨î å -
à ªâ¥à  �ih1 ­  £àã¯¯ã ç áâ­ëå ¯®«ã£àã¯¯ë S(�1),   § â¥¬ áã§¨âì ¯®«ãç¥­­ë© å à ªâ¥à £àã¯¯ë
G ­  S). �®áª®«ìªã ��+ih1 (s) = ��1(s)�h(s) ¯à¨ ¢á¥å s 2 S, â® f 0(�) = 0 ¤«ï «î¡®£® � > 0 ¢ á¨«ã
¨­¢ à¨ ­â­®áâ¨ ¬¥àë �  à . � ª ª ª �01�2 = �2, â® á ãç¥â®¬ ­¥¯à¥àë¢­®áâ¨ f ¢ +0 ¨¬¥¥¬

0 = f(1)� f(0) =
Z
X

F (�1�2�)d��
Z
X

F (�2�)d�:

�¨¬¬¥âà¨ï ¬¥¦¤ã �1 ¨ �2 § ¢¥àè ¥â ¯¥à¢ãî ç áâì ¤®ª § â¥«ìáâ¢ .
�à¥¤¯®«®¦¨¬, ­ ª®­¥æ, çâ® S�1 = S�2 . �¡®§­ ç ï ç¥à¥§ !1 ¨­¤¨ª â®à íâ®© ¯®¤¯®«ã£àã¯¯ë

¨ ¯à¨¬¥­ïï à¥§ã«ìâ â ¯¥à¢®© ç áâ¨ ª ¯®«ãå à ªâ¥à ¬ �i ¨ �ni , ¨¬¥¥¬ ¢ á¨«ã â¥®à¥¬ë �¥¡¥£  ®
¬ ¦®à¨à®¢ ­­®© áå®¤¨¬®áâ¨ (i = 1; 2)Z

X

F (�i�)d� =
Z
X

F (�i
n�)d�!

Z
X

F (!1�)d� (n!1): �

�§ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë «¥£ª® ¢ëâ¥ª ¥â á«¥¤ãîé¨© ¢ à¨ ­â â¥®à¥¬ë ® áà¥¤­¥¬ ¤«ï äã­ª-
æ¨© ¨§ A( bS). � ¯®¬­¨¬, çâ® ç¥à¥§ ! ®¡®§­ ç ¥âáï ¨­¤¨ª â®à ®¤­®â®ç¥ç­®£® ¬­®¦¥áâ¢  feg,
ª®â®àë© ¯à¨­ ¤«¥¦¨â bS+, ¥á«¨ (¨ â®«ìª® ¥á«¨) S�1 \ S = feg.

�¥®à¥¬  2. �ãáâì S�1 \ S = feg. �á«¨ áãé¥áâ¢ã¥â â ª®© ¯®«ãå à ªâ¥à �1 2 bS+, çâ®
0 < �1(s) < 1 ¯à¨ ¢á¥å s 2 S, s 6= e, â® ¯à¨ ¢á¥å F 2 A( bS)Z

X

F (�)d� = F (!):

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® S(1) = S(�1), S�1 = S!. �«¥¤®¢ â¥«ì­®,Z
X

F (1 � �)d� =
Z
X

F (�1�)d� =
Z
X

F (!�)d� = F (!): �

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ®  «£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©

 ¯¯à®ªá¨¬ æ¨¨, ¥á«¨ ¯à®¨§¢®«ì­ ï äã­ªæ¨ï F ¨§ A( bS) ¬®¦¥â ¡ëâì à ¢­®¬¥à­® ¯à¨¡«¨¦¥­  ­ bS  ­ «¨â¨ç¥áª¨¬¨ ¯®«¨­®¬ ¬¨.

�®«¨ªàã£®¢ ï  «£¥¡à  ®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬. �«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, ¢ ç áâ­®-
áâ¨, çâ® ¨ ¢ á«ãç ¥, ª®£¤  ¯®«ã£àã¯¯  S  àå¨¬¥¤®¢® ¨ «¨­¥©­® ã¯®àï¤®ç¨¢ ¥â £àã¯¯ã G (çâ®
à ¢­®á¨«ì­® â®¬ã, çâ® G ¥áâì ¯®¤£àã¯¯   ¤¤¨â¨¢­®© £àã¯¯ë R ¨ S = G \ R+ , á¬. [5]),  «£¥¡à 
A( bS) â®¦¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨. � á®®â¢¥âáâ¢¨¨ á [10] ¯®«ã-
£àã¯¯ã S ¡ã¤¥¬ ­ §ë¢ âì ª®­ãá®¬ ¢ G, ¥á«¨ ¤«ï «î¡®£® x 2 G ­ ©¤¥âáï â ª®© � 2 bS+, çâ®e�(x) > 1.

�¥®à¥¬  3. �ãáâì S | ª®­ãá ¢ G, S�1 \ S = feg, ¯®«ã£àã¯¯  S ­¥ á®¤¥à¦¨â ­¥âà¨¢¨ «ì-

­ëå ¯à®áâëå ¨¤¥ «®¢. �®£¤   «£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨.
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�®ª § â¥«ìáâ¢®. � ¬¥â¨¬ á­ ç « , çâ® ¬­®¦¥áâ¢® A( bS) á®¤¥à¦¨âáï ¢ ¯à®áâà ­áâ¢¥ H2( bS n
X), ®¯à¥¤¥«¥­­®¬ ¢ [10], â. ¥. ª ¦¤ ï äã­ªæ¨ï F 2 A( bS) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) ¤«ï ª ¦¤®£® � 2 bS+ nX äã­ªæ¨ï F� : � 7! F (��) ¯à¨­ ¤«¥¦¨â L2(X) ¨ ­®à¬ë ¢á¥å â ª¨å
äã­ªæ¨© ¢ L2(X) ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨;

2) ¤«ï «î¡ëå �; �1 2 bS+ n X ¯à¥®¡à §®¢ ­¨ï �ãàì¥ FF�1 ¨ FF�1�0 á®¢¯ ¤ îâ ­  £àã¯¯¥
ç áâ­ëå ¯®«ã£àã¯¯ë S(�);

3) F ®¡®¡é¥­­ ï  ­ «¨â¨ç¥áª ï ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï 1.
�¥©áâ¢¨â¥«ì­®, ¢ ¤®ª § â¥«ìáâ¢¥ ­ã¦¤ ¥âáï «¨èì á¢®©áâ¢® 2, ª®â®à®¥ ¤®áâ â®ç­® ¯à®¢¥à¨âì

¤«ï ¥¤¨­áâ¢¥­­®£® ¯®«ãå à ªâ¥à  � = !, ¯à¨­¨¬ îé¥£® ­ã«¥¢ë¥ §­ ç¥­¨ï. �® ¢ íâ®¬ á«ãç ¥
®­® áà §ã á«¥¤ã¥â ¨§ â¥®à¥¬ë 2, ¯à¨¬¥­¥­­®© ª äã­ªæ¨¨  7! F (�1 ).

�á«¨ â¥¯¥àì ¯®«®¦¨¬ F � = F jX, â® á«¥¤áâ¢¨¥ 5.2 ¨§ [10] ¯®ª ¦¥â, çâ® á¯¥ªâà (â. ¥. ­®á¨-
â¥«ì ¯à¥®¡à §®¢ ­¨ï �ãàì¥) äã­ªæ¨¨ F � á®¤¥à¦¨âáï ¢ S. �®íâ®¬ã ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï
 ­ «¨â¨ç¥áª¨© ¯®«¨­®¬ p â ª®©, çâ®

jp(�)� F (�)j < " ¤«ï ¢á¥å � 2 X:

�ãáâì �( ) = p( ) � F ( ) ( 2 bS), ¨ ¯à¥¤¯®«®¦¨¬, çâ® maxbS j�j = j�( 1)j, £¤¥  1 = �1�1 2

bS n X. �¤¥áì �1 6= 1, ªà®¬¥ â®£®, ¬®¦­® áç¨â âì, çâ® �1 6= !, ¯®áª®«ìªã ¢ á¨«ã â¥®à¥¬ë 2
j�(!)j � max

X
j�j. �¡®§­ ç¨¬ ç¥à¥§ { ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  � [ f0g ¢ bS, § ¤ ­­®¥ ä®à¬ã«®©

{(z) = �z1�1. �®£¤  ¬®¤ã«ì  ­ «¨â¨ç¥áª®© ¢ � äã­ªæ¨¨ � � { ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ã¬  ¢
â®çª¥ z = 1,   ¯®â®¬ã � � { = const ¢ �. � ãç¥â®¬ ­¥¯à¥àë¢­®áâ¨ ¯®«ãç ¥¬ � � {(0) = � � {(1),
â. ¥. �( 1) = �(�1), â. ª. �01 = 1. � ª¨¬ ®¡à §®¬,

jp( )� F ( )j < " ¤«ï ¢á¥å  2 bS: �

�¥®à¥¬  4. �ãáâì  «£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨. �®-

£¤  ¯à®áâà ­áâ¢® ¬ ªá¨¬ «ì­ëå ¨¤¥ «®¢ M
A(bS) íâ®©  «£¥¡àë £®¬¥®¬®àä­® bS,   ¥¥ £à ­¨æ 

�¨«®¢  @
A(bS) £®¬¥®¬®àä­  X.

�®ª § â¥«ìáâ¢®. �«ï ' 2 M
A(bS) ¯®«®¦¨¬  (a) := '(ba), a 2 S. �®£¤   2 bS, ¯à¨ç¥¬

ba( ) = '(ba). �á«¨ p = nP
i=1

ci bai (ci 2 C , ai 2 S) |  ­ «¨â¨ç¥áª¨© ¯®«¨­®¬, â®

'(p) =
nX
i=1

ci'( bai) = nX
i=1

ci bai( ) = p( ):

�«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ F ¨§ A( bS) ¨¬¥¥¬ F = lim
n!1

pn, £¤¥ pn |  ­ «¨â¨ç¥áª¨¥ ¯®«¨­®¬ë.

�®íâ®¬ã
'(F ) = lim

n!1
'(pn) = lim

n!1
pn( ) = F ( ):

� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ � : bS �!M
A(bS), ª®â®à®¥ ª ¦¤®¬ã  ¨§ bS á®¯®áâ ¢«ï¥â ª®¬¯«¥ªá-

­ë© £®¬®¬®àä¨§¬ ' ¨§ M
A(bS) ¯® ä®à¬ã«¥ ' (F ) = F ( ). �®£¤  � | £®¬¥®¬®àä¨§¬. �¥©áâ¢¨-

â¥«ì­®, ¥á«¨  1;  2 2 bS,  1 6=  2, â® ' 1(ba) 6= ' 2(ba) ¤«ï ­¥ª®â®à®£® a 2 S, ¨ ®â®¡à ¦¥­¨¥
� ï¢«ï¥âáï áîàê¥ªâ¨¢­ë¬ ¯® ¤®ª § ­­®¬ã ¢ëè¥. � ª¨¬ ®¡à §®¬, ®­® ¡¨¥ªâ¨¢­®. �«ï ¤®ª -
§ â¥«ìáâ¢  ¥£® ­¥¯à¥àë¢­®áâ¨ à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì  n 2 bS, áå®¤ïéãîáï ª  2 bS.
�®£¤  �( n) áå®¤¨âáï ª �( ), â. ª. ¯à¨ F 2 A( bS) ¨¬¥¥¬ ' n(F ) ! ' (F ) ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨
F . �®áª®«ìªã bS | ª®¬¯ ªâ, â® � | £®¬¥®¬®àä¨§¬.

�®ª ¦¥¬ ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �®ª ¦¥¬ á­ ç « , çâ® @
A(bS) � X. �«ï íâ®£® ¤®áâ -

â®ç­® ¤®ª § âì, çâ® X ï¢«ï¥âáï £à ­¨æ¥©. �á«¨ íâ® ­¥ â ª, â®

M := maxbS jF j > m := max
X

jF j
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¤«ï ­¥ª®â®à®© äã­ªæ¨¨ F 2 A( bS). �«ï " < (M�m)=2 ¯®¤¡¥à¥¬  ­ «¨â¨ç¥áª¨© ¯®«¨­®¬ p â ª¨¬
®¡à §®¬, çâ®¡ë maxbS jF � pj < ". �®£¤  jp(�)j < jF (�)j+ " � m+ " ¯à¨ ¢á¥å � 2 X. � ª ª ª «î¡®©

ª®¬¯«¥ªá­ë© £®¬®¬®àä¨§¬ ¨§ £à ­¨æë �¨«®¢   «£¥¡àë l1(S) ¯à®¤®«¦ ¥âáï ¤® ª®¬¯«¥ªá­®£®
£®¬®¬®àä¨§¬  á®¤¥à¦ é¥© ¥¥  «£¥¡àë l1(G), â® X á®¤¥à¦¨â £à ­¨æã �¨«®¢   «£¥¡àë l1(S). �
â. ª. ¤«ï «î¡®£® � 2 bS ®â®¡à ¦¥­¨¥ f 7! bf(�) ¥áâì ª®¬¯«¥ªá­ë© £®¬®¬®àä¨§¬  «£¥¡àë l1(S), â®
Ml1(S) �

bS (¤¥©áâ¢¨â¥«ì­®, ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®). �®íâ®¬ã maxbS jpj = max
X

jpj ( ­ «¨â¨ç¥áª¨¥

¯®«¨­®¬ë ï¢«ïîâáï ¯à¥®¡à §®¢ ­¨ï¬¨ �¥«ìä ­¤  äã­ªæ¨© ¨§ l1(S) á ª®­¥ç­ë¬¨ ­®á¨â¥«ï¬¨).
� ª¨¬ ®¡à §®¬, maxbS jpj � m+ ".

� ¤àã£®© áâ®à®­ë, jp( )j > jF ( )j � " ¯à¨ ¢á¥å  2 bS,   ¯®â®¬ã maxbS jpj � M � " , çâ®

¯à®â¨¢®à¥ç¨â ¢ë¡®àã ". �â® ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥.
� ª®­¥æ, â. ª.  «£¥¡à  A( bS) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¥áâ¥áâ¢¥­­®£® ¤¥©áâ¢¨ï £àã¯¯ë X

(ã¬­®¦¥­¨ï ­  å à ªâ¥àë ï¢«ïîâáï  ¢â®¬®àä¨§¬ ¬¨ ¯®«ã£àã¯¯ë bS), â® â ª®¢  ¨ ¥¥ £à ­¨æ 
�¨«®¢ ,   ¯®â®¬ã íâ  £à ­¨æ  á®¢¯ ¤ ¥â á X.

� ¬¥ç ­¨¥. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¬®¦¥â ¡ëâì ¢ë¢¥¤¥­® â ª¦¥ ¨§ à¥§ã«ìâ â®¢ à ¡®âë [4].

�¨¦¥ A(X) ¡ã¤¥â ®¡®§­ ç âì à ¢­®¬¥à­ãî  «£¥¡àã, á®áâ®ïéãî ¨§ áã¦¥­¨© ­  X äã­ªæ¨©
¨§ A( bS).

�«¥¤áâ¢¨¥. �ãáâì  «£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨. �®£¤ 
®­  ¨§®¬¥âà¨ç¥áª¨ ¨§®¬®àä­   «£¥¡à¥ A(X).

�¥©áâ¢¨â¥«ì­®, âà¥¡ã¥¬ë¬ ¨§®¬®àä¨§¬®¬ ¡ã¤¥â ®â®¡à ¦¥­¨¥ áã¦¥­¨ï ­  X. �

3. �­â¥à¯®«ïæ¨®­­ë¥ ¬­®¦¥áâ¢  ¤«ï  «£¥¡àë A( bS)

� «¥¥ ç¥à¥§M(X) ¡ã¤¥¬ ®¡®§­ ç âì  «£¥¡àã ¢á¥å à¥£ã«ïà­ëå ª®¬¯«¥ªá­ëå ¡®à¥«¥¢áª¨å ¬¥à

­  ª®¬¯ ªâ¥ X. �«ï ¬¥àë � 2 M(X) § ¯¨áì �?A( bS) ¡ã¤¥â ®§­ ç âì, çâ® Z Fd� = 0 ¤«ï ¢á¥å

F 2 A( bS). �¥à¥§M! ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¢¥à®ïâ­®áâ­ëå ¬¥à ¨§M(X), ¯à¥¤áâ ¢«ïîé¨å
äã­ªæ¨®­ « F 7! F (!), F 2 A( bS). �¥®à¥¬  2 ¢ â®ç­®áâ¨ ®§­ ç ¥â, çâ® ¬¥à  �  à  � £àã¯¯ë X
¯à¨­ ¤«¥¦¨âM!.

�®  ­ «®£¨¨ á® á«ãç ¥¬ è à  ([3], £«. 10) ¢¢¥¤¥¬ è¥áâì á¨¬¢®«®¢ (I), (PI), (Z), (P ), (N),
(TN) ¤«ï ®¡®§­ ç¥­¨ï á¢®©áâ¢, ª®â®àë¬¨ ¬®¦¥â ®¡« ¤ âì ª®¬¯ ªâ K � X ¯® ®â­®è¥­¨î ª
 «£¥¡à¥ A( bS).

K ¡ã¤¥¬ ­ §ë¢ âì (I)-¬­®¦¥áâ¢®¬ (¨­â¥à¯®«ïæ¨®­­ë¬ ¬­®¦¥áâ¢®¬), ¥á«¨ «î¡ ï ª®¬-
¯«¥ªá­®§­ ç­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  K ¤®¯ãáª ¥â ¯à®¤®«¦¥­¨¥ ¤® äã­ªæ¨¨ ¨§ A( bS).

K ¡ã¤¥¬ ­ §ë¢ âì (PI)-¬­®¦¥áâ¢®¬ (¯¨ª-¨­â¥à¯®«ïæ¨®­­ë¬ ¬­®¦¥áâ¢®¬), ¥á«¨ ¤«ï «î-
¡®£® g 2 C(K); g 6� 0, áãé¥áâ¢ã¥â äã­ªæ¨ï h 2 A( bS) â ª ï, çâ® g(�) = h(�) ¤«ï ¢áïª®£® � 2 K,
  ¤«ï «î¡®£®  2 bS nK ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® jh( )j < kgkK , £¤¥ kgkK = max

K
jgj.

K ¡ã¤¥¬ ­ §ë¢ âì (Z)-¬­®¦¥áâ¢®¬ (­ã«¥¢ë¬ ¬­®¦¥áâ¢®¬), ¥á«¨ áãé¥áâ¢ã¥â f 2 A( bS)
â ª ï, çâ® f(�) = 0 ¤«ï «î¡®£® � 2 K, ¨ f( ) 6= 0 ¤«ï «î¡®£®  2 bS nK.

K ¡ã¤¥¬ ­ §ë¢ âì (P )-¬­®¦¥áâ¢®¬ (¬­®¦¥áâ¢®¬ ¯¨ª ), ¥á«¨ ­ ©¤¥âáï äã­ªæ¨ï h 2 A( bS)
â ª ï, çâ® h(�) = 1 ¤«ï «î¡®£® � 2 K, ¨ jh( )j < 1 ¤«ï «î¡®£®  2 bS nK (h | ¯¨ª-äã­ªæ¨ï
¤«ï K).

K ¡ã¤¥¬ ­ §ë¢ âì (N)-¬­®¦¥áâ¢®¬ (­ã«ì-¬­®¦¥áâ¢®¬ ¤«ï «î¡®© ¬¥àë � ­  X,  ­­ã«¨-

àãîé¥© A( bS)), ¥á«¨ à ¢¥­áâ¢® j�j(K) = 0 ¢ë¯®«­ï¥âáï ¤«ï «î¡®© ¬¥àë � 2 M(X) â ª®©, çâ®
�?A( bS).

K ¡ã¤¥¬ ­ §ë¢ âì (TN)-¬­®¦¥áâ¢®¬ (¢¯®«­¥ ­ã«¥¢ë¬ ¬­®¦¥áâ¢®¬), ¥á«¨ à ¢¥­áâ¢®
�(K) = 0 ¢ë¯®«­ï¥âáï ¤«ï «î¡®© ¯à¥¤áâ ¢«ïîé¥© ¬¥àë � 2M!.
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�­ «®£¨ç­ë¥ ¯®­ïâ¨ï (ªà®¬¥ á¢®©áâ¢  (TN)) ¬®¦­® ¢¢¥áâ¨ ¨ ¤«ï  «£¥¡àë A(X).

�¥®à¥¬  5. �ãáâì  «£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨. �«ï

«î¡®£® ª®¬¯ ªâ  K � X â¨¯  G� â ª®£®, çâ® ¤®¯®«­¥­¨¥ bSnK ®¤­®á¢ï§­®, á¢®©áâ¢  (I), (PI),
(Z), (P ), (N) à ¢­®á¨«ì­ë ¨ ¢«¥ªãâ á¢®©áâ¢® (TN).

�®ª § â¥«ìáâ¢®. � ¢­®á¨«ì­®áâì ¡ã¤¥¬ ¤®ª §ë¢ âì ¯® áå¥¬¥

(I)) (N)) (PI)) (Z)) (P )) (I):

(I)) (N). �á«¨ S áç¥â­®, â® «î¡®© í«¥¬¥­â � 2 X ¡ã¤¥â â®çª®© ¯¨ª  ¤«ï A( bS) (  ¯®â®¬ã ¨
¤«ï A(X)), çâ® ¯®ª §ë¢ ¥â ¯¨ª-äã­ªæ¨ï

 7! 1=2(1 + h ; �i);

¯®áâà®¥­­ ï ¤«ï ¢¥á  w > 0. � ª ª ª (I)-¬­®¦¥áâ¢® K  «£¥¡àë A( bS) ¡ã¤¥â (I)-¬­®¦¥áâ¢®¬ ¨
¤«ï  «£¥¡àë A(X), â® âà¥¡ã¥¬ ï ¨¬¯«¨ª æ¨ï áà §ã á«¥¤ã¥â ¨§ â¥®à¥¬ë � à®¯ã«®á  ([3], â¥®à¥¬ 
10.2.2), ¯à¨¬¥­¥­­®© ª  «£¥¡à¥ A(X). � á«ãç ¥ ¯à®¨§¢®«ì­®£® S ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¬¥â®¤®¬
¨§ ([1], á. 114{115).

(N) ) (PI). � á¨«ã á«¥¤áâ¢¨ï â¥®à¥¬ë 4 ®â®¡à ¦¥­¨¥ áã¦¥­¨ï ­  X ¥áâì ¨§®¬¥âà¨ç¥áª¨©
¨§®¬®àä¨§¬  «£¥¡à A( bS) ¨ A(X),   ¯®â®¬ã A(X) § ¬ª­ãâ  ¢ C(X). �¥®à¥¬  �¨è®¯  ([3], â¥®à¥¬ 
10.3.1), ¯à¨¬¥­¥­­ ï ª  «£¥¡à¥ A(X), ¯®ª §ë¢ ¥â â¥¯¥àì, çâ® ª ¦¤®¥ (N)-¬­®¦¥áâ¢® K ¡ã¤¥â
(PI)-¬­®¦¥áâ¢®¬ ¤«ï  «£¥¡àë A(X),   á«¥¤®¢ â¥«ì­®, ¨ ¤«ï A( bS).

(PI)) (Z). �â® ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®.
(Z) ) (P ). �ãáâì F | äã­ªæ¨ï ¨§ A( bS) á ¬­®¦¥áâ¢®¬ ­ã«¥© K, ¯à¨ç¥¬ maxbS jF j < 1. � ª

ª ª bS nK ®¤­®á¢ï§­®, â® F ®¡« ¤ ¥â ­¥¯à¥àë¢­ë¬ «®£ à¨ä¬®¬ g ­  íâ®¬ ¬­®¦¥áâ¢¥, ª®â®àë©,
®ç¥¢¨¤­®,  ­ «¨â¨ç¥­ ­  bS n X. �à®¬¥ â®£®, Re g < 0 ¨ Re g( ) ! �1, ª®£¤   áâà¥¬¨âáï ª
­¥ª®â®à®© â®çª¥ ¨§K. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï h = g=(g�1) ­  bSnK ¨ h = 1 ­ K ¯à¨­ ¤«¥¦¨â
A( bS) ¨ ¨¬¥¥â ¯¨ª ­  K.

(P ) ) (I). �ãáâì R : A( bS) ! C(K) | ®â®¡à ¦¥­¨¥ áã¦¥­¨ï ­  K, AK = ImR. �ã¦­®
¤®ª § âì, çâ® AK = C(K), ¥á«¨ K | (P )-¬­®¦¥áâ¢®.

�á«¨ J | ¨¤¥ « äã­ªæ¨© ¨§ A( bS), à ¢­ëå ­ã«î ­  K, â® ä ªâ®à- «£¥¡à  A( bS)=J ¨§®¬¥âà¨-
ç¥áª¨ ¨§®¬®àä­  AK (âà¥¡ã¥¬ë¬ ¨§®¬®àä¨§¬®¬ á«ã¦¨â F + J 7! F jK (á¬., ­ ¯à.,[13], c. 120)),
  ¯®â®¬ã AK § ¬ª­ãâ® ¢ C(K).

�®ª ¦¥¬, çâ®MAK ¬®¦­® ®â®¦¤¥áâ¢¨âì á K. �á«¨ ' 2MAK , â® 'R 2M
A(bS), ¨, ª ª ¯®ª § ­®

¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4, áãé¥áâ¢ã¥â â ª®©  2 bS, çâ® ('R)(F ) = F ( ) ¤«ï «î¡®£® F 2 A( bS).
�á«¨ h | ¯¨ª-äã­ªæ¨ï ¤«ï K, â® Rh ¥áâì ¥¤¨­¨æ   «£¥¡àë AK ,   ¯®â®¬ã h( ) = ('R)(h) = 1.
�­ ç¨â,  2 K. �á«¨ g 2 AK , â® g = RF ¤«ï ­¥ª®â®à®£® F 2 A( bS), ¨, á«¥¤®¢ â¥«ì­®,

'(g) = ('R)(F ) = F ( ) = g( );

¯à¨ç¥¬  á â ª¨¬ á¢®©áâ¢®¬ ¥¤¨­áâ¢¥­­®, â. ª. AK à §¤¥«ï¥â â®çª¨ K. �â®¦¤¥áâ¢«ïï ' á  ,
¯®«ãç ¥¬ à ¢¥­áâ¢® MAK = K.

�«ï a 2 S ¯®«®¦¨¬ â¥¯¥àì baK := bajK. �®áª®«ìªã í«¥¬¥­âë baK ­¥ ®¡à é îâáï ¢ ­ã«ì ­ 
MAK = K (jbaK j = 1), â® ®­¨ ®¡à â¨¬ë ¢  «£¥¡à¥ AK , ¯à¨ç¥¬ (baK)�1 = baK . �®íâ®¬ã ¯®¤ «£¥¡à 
¢ AK , ¯®à®¦¤¥­­ ï í«¥¬¥­â ¬¨ baK ; baK , a 2 S, á¨¬¬¥âà¨ç­ . � ª ª ª ®­ , ®ç¥¢¨¤­®, à §¤¥«ï¥â
â®çª¨ K, â® AK = C(K) ¯® â¥®à¥¬¥ �¥©¥àèâà áá {�â®ã­ .

�®ª ¦¥¬, ­ ª®­¥æ, çâ® (P ) ) (TN). �¥©áâ¢¨â¥«ì­®, ¥á«¨ h | ¯¨ª-äã­ªæ¨ï ¤«ï K, â® ¤«ï
«î¡®£® ­ âãà «ì­®£® n ¨ ¤«ï «î¡®© ¬¥àë � 2M! ¨¬¥¥¬

hn(!) =
Z
X

hn(�)d�(�):

�®« £ ï §¤¥áì n!1, ¯®«ãç ¥¬ 0 = �(K).
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�¥®à¥¬  5 ®¡®¡é ¥â ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ¤«ï ¯®«¨ªàã£  ([1], â¥®à¥¬  6.1.2). � ª ¨ ¢ [1],
¯®«ãç ¥¬ â ª¦¥

�«¥¤áâ¢¨¥ 1. �î¡®¥ ª®¬¯ ªâ­®¥ G�-¯®¤¬­®¦¥áâ¢® (Z)-¬­®¦¥áâ¢  ¢ X ¡ã¤¥â (Z)-¬­®¦¥áâ-
¢®¬ ¢ X. �î¡®¥ ª®¬¯ ªâ­®¥ G�-¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢  X, ï¢«ïîé¥¥áï áç¥â­ë¬ ®¡ê¥¤¨­¥­¨-
¥¬ (PI)-¬­®¦¥áâ¢, ¡ã¤¥â (PI)-¬­®¦¥áâ¢®¬ ¢ X.

�¥©áâ¢¨â¥«ì­®, ®¡  á¢®©áâ¢  ®ç¥¢¨¤­ë ¤«ï (N)-¬­®¦¥áâ¢.

�«¥¤áâ¢¨¥ 2. �(K) = 0 ¤«ï «î¡®£® (I)-¬­®¦¥áâ¢  K (� | ¬¥à  �  à  £àã¯¯ë X).

�â® á«¥¤ã¥â ¨§ ¢ª«îç¥­¨ï � 2M! (â¥®à¥¬  2).
�«ï «î¡®£® � 2 bS áãé¥áâ¢ã¥â â ª ï à¥£ã«ïà­ ï ¡®à¥«¥¢áª ï ¬¥à m� ­  X, çâ® á¯à ¢¥¤«¨¢®

á«¥¤ãîé¥¥ ®¡®¡é¥­¨¥ ä®à¬ã«ë �ã áá®­  [4]:

bf(�) = Z
X

bfdm� (f 2 l1(S)):

�à¨ íâ®¬ ¨¬¥¥â ¬¥áâ®

�«¥¤áâ¢¨¥ 3. m�(K) = 0 ¤«ï «î¡®£® (I)-¬­®¦¥áâ¢  K, ¥á«¨ � 2 bS nK.

�®ª § â¥«ìáâ¢®. �ãáâì K | ¬­®¦¥áâ¢® ­ã«¥© äã­ªæ¨¨ F 2 A( bS). �á«¨ m�(K) > 0, â®Z
X

log jF jdm� = �1;

¨ ¢ á¨«ã â¥®à¥¬ë 3.5 ¨§ [14] F (�) = 0, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã �.

� ¯®¬®éìî â¥®à¥¬ë 5 ¬®¦­® ®¯¨á âì (I)-¬­®¦¥áâ¢  ¢ X ¢ á«ãç ¥, ª®£¤  S «¨­¥©­® ¨  à-
å¨¬¥¤®¢® ã¯®àï¤®ç¨¢ ¥â £àã¯¯ã G. �à¨ íâ®¬, ­¥ ­ àãè ï ®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® G ¥áâì
¯®¤£àã¯¯   ¤¤¨â¨¢­®© £àã¯¯ë R, S = G\R+ . �®£¤  R ¨§®¬®àä­  ­¥ª®â®à®© ¯®¤£àã¯¯¥ £àã¯¯ë
X, ª®â®àãî â®¦¥ ®¡®§­ ç¨¬ R (á¬. [5], £«. 7, x 4). � íâ®© á¨âã æ¨¨ £àã¯¯®¢ãî ®¯¥à æ¨î ¢ X
¯à¨­ïâ® § ¯¨áë¢ âì  ¤¤¨â¨¢­®.

�«¥¤áâ¢¨¥ 4 (áà. [5], áá. 254, 255). �ãáâì S «¨­¥©­® ¨  àå¨¬¥¤®¢® ã¯®àï¤®ç¨¢ ¥â £àã¯¯ã G.
�®¬¯ ªâ­®¥G�-¯®¤¬­®¦¥áâ¢®K ¬­®¦¥áâ¢ X ¡ã¤¥â (I)-¬­®¦¥áâ¢®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¤«ï «î¡®£® � 2 X ¯¥à¥á¥ç¥­¨¥ K \ (�+ R) ¨¬¥¥â ­ã«¥¢ãî «¨­¥©­ãî ¬¥àã.

�®ª § â¥«ìáâ¢®. �«£¥¡à  A( bS) ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯®«¨­®¬¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¨, ­ -
¯à¨¬¥à, ¯® â¥®à¥¬¥ 3 (ãá«®¢¨ï íâ®© â¥®à¥¬ë ¢ë¯®«­ïîâáï ¢ á¨«ã á¢®©áâ¢ ¯®«ãå à ªâ¥à®¢ ¯®-
«ã£àã¯¯ë S, ãáâ ­®¢«¥­­ëå ¢ ([15], c. 449). �®£¤  M

A(bS) = bS. �®ª ¦¥¬, çâ® ¤«ï «î¡®£® ¯®¤-

¬­®¦¥áâ¢  K � X ¬­®¦¥áâ¢® bS n K ®¤­®á¢ï§­®. �§¢¥áâ­® ([5], â¥®à¥¬  7.4.1), çâ® bS ¬®¦­®
®â®¦¤¥áâ¢¨âì á ¯à®áâà ­áâ¢®¬

conX := X � [0; 1]=X � f0g;

¨ ¯à¨ íâ®¬ £àã¯¯  X ®â®¦¤¥áâ¢«ï¥âáï á X �f1g. �®çªã ¨§ conX, ®â¢¥ç îéãî X �f0g, ®¡®§­ -
ç¨¬ !. � ¬¥â¨¬, çâ® â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  conX nK £®¬®â®¯­® ¯®áâ®ï­­®¬ã
®â®¡à ¦¥­¨î íâ®£® ¬­®¦¥áâ¢  ¢ !. �à¥¡ã¥¬ãî £®¬®â®¯¨î ¤ ¥â ®â®¡à ¦¥­¨¥ ft : conX ! conX,
®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© ft(�; r) = (�; tr) ¯à¨ t; r 2 [0; 1], � 2 X. � ª¨¬ ®¡à §®¬, ¬­®¦¥áâ¢®
conX nK áâï£¨¢ ¥¬®,   ¯®â®¬ã ®¤­®á¢ï§­®. � á¨«ã â¥®à¥¬ë 5 á¢®©áâ¢  (I) ¨ (N) à ¢­®á¨«ì­ë,
¨ ®áâ «®áì ¢®á¯®«ì§®¢ âìáï á«¥¤áâ¢¨¥¬ 7.5.2 ¨§ [5].

�«¥¤áâ¢¨¥ 5. �ãáâì § ¬ª­ãâ ï ¯®¤£àã¯¯  H � X â ª®¢ , çâ® £àã¯¯  X=H ¬¥âà¨§ã¥¬ .
�®£¤  H ¡ã¤¥â (I)-¬­®¦¥áâ¢®¬, ¥á«¨ ¨ â®«ìª® ¥á«¨ ¬­®¦¥áâ¢® H? \ S (à áá¬ âà¨¢ ¥¬®¥ ª ª
¬­®¦¥áâ¢® äã­ªæ¨© ­  X=H) à §¤¥«ï¥â â®çª¨ X=H.
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�â® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ 5, 6 ¢ [16].
�¥®à¥¬  5 ¯®§¢®«ï¥â â ª¦¥ ãáâ ­®¢¨âì  ­ «®£ â¥®à¥¬ë �¥¢¨-�ªá¥­¤ «  (á¬. [3], â¥®à¥¬ 

10.4.3), ¤ îé¨© ¤®áâ â®ç­ë© ¯à¨§­ ª ¨­â¥à¯®«ïæ¨®­­®áâ¨ ¬­®¦¥áâ¢  ¢ â¥à¬¨­ å ¥£® ¯®ªàëâ¨©.
�«ï � 2 X, � > 0 ¨ ¢¥á  w > 0 ¯®«®¦¨¬

V (�; �) = f� 2 X : j1� h�; �ij < �g

(ã£«®¢ë¥ áª®¡ª¨ ®¡®§­ ç îâ, ª ª ¨ à ­ìè¥, áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ l2(S;w)).

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 5 ¯à¥¤¯®«®¦¨¬, çâ® S áç¥â­®, ¨ ª®¬¯ ªâ K ®¡« ¤ ¥â

â ª¦¥ á«¥¤ãîé¨¬ á¢®©áâ¢®¬:
¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â ª®­¥ç­®¥ ç¨á«® ¬­®¦¥áâ¢ V (�i; �i), i = 1; : : : ;m, á �i 2 K ¨P
�i < " â ª¨å, çâ®

K � V (�1; �1) [ � � � [ V (�m; �m):

�®£¤  K ¥áâì (PI)-¬­®¦¥áâ¢®.

�¥©áâ¢¨â¥«ì­®, ¯® áãé¥áâ¢ã ¯®¢â®àïï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �¥¢¨{�ªá¥­¤ « , ¯®«ãç ¥¬,
çâ® K ï¢«ï¥âáï (N)-¬­®¦¥áâ¢®¬. �

�à¨ S = Z
n
+ â¥®à¥¬  6 ¥áâì ®á« ¡«¥­­ë© ¢ à¨ ­â â¥®à¥¬ë �®à¥««¨ ([1], c. 126, á«¥¤áâ¢¨¥).

�ª ¦¥¬ â ª¦¥ á«¥¤ãîé¥¥ ¯à¨¬¥­¥­¨¥ â¥®à¥¬ë 6. �¨¦¥ I = [0; 1], w | ä¨ªá¨à®¢ ­­ë©
¯®«®¦¨â¥«ì­ë© ¢¥á ­  áç¥â­®© ¯®«ã£àã¯¯¥ S.

�¯à¥¤¥«¥­¨¥ 3. �â®¡à ¦¥­¨¥ 
 : I ! l2(S;w) ª« áá  C1 ¡ã¤¥¬ ­ §ë¢ âì ª®¬¯«¥ªá­®-

ª á â¥«ì­®© ªà¨¢®© ­  X, ¥á«¨ 
(I) � X, ¨ ¯à¨ ¢á¥å t 2 I

h
(t); 
0(t)i = 0:

�¥®à¥¬  7. �ãáâì S áç¥â­®. � ãá«®¢¨ïå â¥®à¥¬ë 5 ®¡à § K = 
(I) ª®¬¯«¥ªá­®-ª á â¥«ì­®©
ªà¨¢®© 
 ­  X ¡ã¤¥â (PI)-¬­®¦¥áâ¢®¬.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ã¡¥¤¨âìáï, çâ® 
(I) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë 6. �ãáâì
M > max

s;t2I
jh
0(s); 
0(t)ij. �«ï «î¡®£® " > 0 à áá¬®âà¨¬ à §¡¨¥­¨¥ faig ®âà¥§ª  I ­  m > M="

à ¢­ëå ç áâ¥©, ¨ ¤«ï «î¡®£® t 2 I ¢ë¡¥à¥¬ ai � t â ª, çâ® t�ai � 1=m. �¥®à¥¬  ¡ã¤¥â ¤®ª § ­ ,
¥á«¨ ãáâ ­®¢¨¬, çâ® 
(t) 2 V (
(ai); �), £¤¥ � =M=m2. �® íâ® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥© ®æ¥­ª¨:

j1� h
(t); 
(ai)ij = jh
(t); 
(t) � 
(ai)ij =
����D
(t);

Z t

ai


0(s)ds
E���� =

=
����
Z t

ai

h
(t); 
0(s)ids
���� =

����
Z t

ai

h
(t)� 
(s); 
0(s)ids
���� =

=
����
Z t

ai

D Z t

s


0(r)dr; 
0(s)
E
ds

���� =
����
Z t

ai

ds

Z t

s

h
0(r); 
0(s)idr
���� �

�

Z t

ai

ds

Z t

s

jh
0(r); 
0(s)ijdr < M(t� ai)2 � �: �

�â¬¥â¨¬, çâ® ­¥ ¢áïª ï ªà¨¢ ï ­ X ª« áá  C1 ï¢«ï¥âáï (I)-¬­®¦¥áâ¢®¬, ¢ ç¥¬ ­ á ã¡¥¦¤ ¥â
á«¥¤ãîé¨©

�à¨¬¥à 2. �ãáâì áãé¥áâ¢ã¥â â ª®© ¯®«ãå à ªâ¥à � 2 bS+, çâ® 1 > �(s) > 0 ¯à¨ ¢á¥å s 2 S,
s 6= e. �®£¤  ®â®¡à ¦¥­¨¥ 
 : I ! l2(S;w), § ¤ ­­®¥ ä®à¬ã«®© 
(t) = �it, ¥áâì ªà¨¢ ï ª« áá  C1

­  X, ­® 
(I) ­¥ ï¢«ï¥âáï (Z)-¬­®¦¥áâ¢®¬. �¥©áâ¢¨â¥«ì­®, ¯ãáâì F 2 A( bS), F j
(I) = 0. �®£¤ 
äã­ªæ¨ï f(z) := F (�z) ¡ã¤¥â  ­ «¨â¨ç¥áª®© ¢ ®âªàëâ®© ¯à ¢®© ¯®«ã¯«®áª®áâ¨, ­¥¯à¥àë¢­®©
¢ ¥¥ § ¬ëª ­¨¨ ¨ à ¢­®© ­ã«î ­  ®âà¥§ª¥ iI. �«¥¤®¢ â¥«ì­®, f = 0 ¯® £à ­¨ç­®© â¥®à¥¬¥
¥¤¨­áâ¢¥­­®áâ¨.
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