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Abstract. We study positive semicharacters of generating Lie subsemigroup ,l of a connected Lie
group G. These semicharacters are important for positive representations of S in Hilbert space and
for completely monotonic functions in S. We describe the tangent map for a positive semicharacter
and then obtain a necessary and sufficient condition for nontriviality of the wedge Sf consisting of all
bounded positive semicharacters of S. In particular Sf is nontrivial for a solvable iimply connected
G and invariant ,S without nontrivial subgroups, but it is trivial for a semisimple G.
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1. Introduction

The paper [1] contains the spectral representation of representations of open sub-
semigroups of topological groups by positive operators in Hilbert space and the
integral representation of vector-valued completely monotonic functions in such
semigroups. The commutative case was studied in [2, 3]. There are similar repre-
sentations in the case of a Lie semigroup too (see below). Here the representing
measures are concentrated on the space of positive semichamcters of the initial
semigroup. That is why we are interested in positive semicharacters of Lie semi-
groups. In addition, since positive semicharacters constitute the most elementary
type of finite dimentional representations of Lie semigroups, this paper could be
considered as a contribution to the theory of such representations. We give a nec-
essary and sufficient condition for existence of nontrivial positive semicharacters
in terms of the tangent objects when the tangent wedge of a Lie semigroup S is
a semialgebra. It follows that if the Lie group G generated by S is solvable, ̂ l is
invariant and S fl S'-1 - {e}, nontrivial bounded positive semicharacters of S exist,
but it is not the case for a semisimple G. Our main tool is the description of the
tangent map for a positive semicharacter. The basic reference in Lie semigroups is

[4]. The results of this paper were announced in [5].

ZJ

I
I

t



24 A.R.MIRoTIN

2. Positive Representations and Completely Monotonic Functions on Lie
Semigroups

A semicharacter of a topological semigroup S is a nonzero continuous homomor-
phism of S into the multiplicative semigroup C of complex numbers. Let Si be
the space of all positive semicharacters of S endowed with the topology of point-
wise convergens. We denote by Sf the topological subspace of S| consisting of all
bounded semicharacters. It is easily seenthat0 ( p(x) ( I for p e Sf,x e S.

LEMMA l. Let S be atopological semigroup and I a dense ideal of S. The restric-
tion map j : tlt r-, {lI from Si (resn. Sl to Ii (resp. Ii) is a homeomorphism.

Proof. We shall consider the case of bounded semicharacters. Clearly 7 is in-
jective and continuouse. We now prove the surjectivity of j. For X e Ii let us take

lo e I with X(y,) I 0 and set

p(x) : : x@Yo) x e S .
xOo)

Since X ("xys) : X (yox) (: X(yoxyd I XOi)) for .r € S,

x(YoxrxzYol x(Yoxr)x(xzvo)p(xtx):  
f f i :  f f i :  P(xr)PQz)

for all x1, x2 e S. The boundedness and continuity of p follows immediatly from
(1), that is p e Si. Finally. note that i-t , X r+ p is continuouse by (1) and that

x :  p l l .  !

In the following G denotes a connected finite dimentional Lie group with unit e,
f (G) its Lie algebra and exp : L(G) -+ G its exponential function. By definition a
wedge W c L(G) is topologically closed in L(G) and closed under vector addition
and multiplication by non-negative scalars. For a closed subsemigroup S of G its
tangent wedge is defined by

Z(S)  : :  {X  e  L (G) :exp(R+x;  c  51 .

A closed subsemigroup S c G is called a Lie semigroup if S is a closure in G
of (exp Z(S)), the semigroup generated by exp t(S).

In the sequel without loss of generality we restrict ourselves to Lie subsemi-
groups ,t C G which are generating, i. e. L(G) is the smallest Lie subalgebra
contaning f (S) t4l. In this case the interior int,S of S (with respect to G) is a dense
ideal of S and intS c (exp r(S)) ([6, IV.6], [4, V.1.10]).

THEOREM l. Let T be a strongly continuous representation of S by positive op-
erators in Hilbert space and intS is connected. Then there exists a spectral tneasure
P on Si suchthat

tlt(x)d P ($),

where -r e ^1.

(1 )

r@: Is t
(2)
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Proof. Let I :: intS. The restriction Z l1 satisfies all the conditions of Theorem
3(3) from [1]. In addition the analysis of the proof of this last theorem shows that
there exists a spectral measure E on { such that for all x e 1

I
T(x) : 1 x(x)dE(x).

JIT

Let j be as in Lemma 1 and P :: j-r(E). Then (2) is valid for x e 1. By the
continuity (2) holds for all -r € S.

Using [1, Theorem 3(1), (2)], one can also prove another vertions of Theorem
1 .

Let V be an ordered vector space. A function / : S -+ V is said to be
c ompletely monotonic if

t) f(xyz) : f(xzy) for all x,!, Z e S and
2)  ( -D 'L"r . . .Lo, f  (x)  > 0 for  a l l  ar , . . . ,an € ,S,  where (L" f ) (x)

f(xa) - f(x) is the difference operator [1].

Using the Theorem 7 fuom [1] and Lemma 1 we obtain the following result.

THEOREM 2. Let V be an ordered vector space which is Dedekind o-complete
lll and / : S -+ V a continuous completely monotonic function. Then

f
f (x): I o@)dm1p1 (.r e S),

Js t

where m is a positive vector measure on Si.

The proof of this theorem is similar to that given above.

3. Thngent Maps for Positive Semicharacters

LEMMA 2. Let { be a semicharacter of S. Then tL@) l0for all x e S.
Proof. Note that e e S and {t(e) - 1. Therefore for every X e t(.S) the

function t r-> {(exptx)(t e R+) is a semicharacter of the additive semigroup
IR+. Hence for t e IR.+ we have

It(exptx):eh(x)t ,  (3)

where h(X) e C. In particular ry'(exp X) + 0 for all X e Z(S). It follows that
{r(x) * 0 for all .r € (expZ(S)) ) intS. Now If x e,S, xs € intS we have
,lr (x) : tb @xd I lr (xd * 0.

COROLLARY l. Every semicharacter {r of S has the form rt : pX, where p e
Si and y is the (unitary) character of S.

Indeed,  p :  l lL l ,  X :  { r l l { t l .

tr
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COROLLARY 2. Every semicharacter { e Si is strictly positive.

COROLLARY 3. Every real-valued semicharacter of a connected Lie semigroup

S belongs to S!.

In the sequellet L(th) 3 (dlt)(e) be the tangent map at e fot {t e Si.

THEOREM 3. Let S be a generating Lie semigroup and fr : t(S) + IR.
(1) h : L(lr) for some {t e Si if and only if the following conditions hold:
(A) h(h * X) : h(X) * h(X);

h(cX) : ch(X) for all Xr, Xz e L(S), c )- 0.

(g) iflli:texp X; : llT:r exp Y 1 for some X;, Y 1 e L(S) then

n m

Lrq) :  I  hQ) '
i= l  i  =r

(ii) h : L(p) for some p e Si if and only if h satisfies (A), (B) and the following
condition

(C)h(X)  { I fo ra l lX  e  L (S) .
(i\1) The map 1b t-+ L({t) is injective.
Proof, (i). Let h : L(tD for { e Si, i. e. h(X) : ft{t(exp tX)|,=o,X e f (D.

Then by (3) for every Xy, Xz e L(S)

h(Xt * Xz) :  l rL@^ntXyexptXz)1,=o: h(Xt) + h(X2) '
d t

The proof of the second condition in (A) is similar to that given above. The equation
(3) implies (B) and the "only if" implication is proved.

To prove the converse consider the function ry's : (exp L(S)) -+ (0, *oo),

n

fo(fl exPX;) 
"- 

sLi:th(xi)
j : l

where Xi e L(S), and h satisfies (A) and (B). This definition is correct by (B) and

ry'6 is a homomorphism. The restrictioll I l: ry'glintS is continuous by [1, Theorem

21. Hence for x,x, e (exp,L(S)), xn ) x, and so € intS we have X(sox") -->

X(sox), i. e. r/o(so)r/o(x) --> /o(so)/o(x). Thus by Lemma 2 rlro@) --> tlto@)

and fo is continuous on (exp,L (S)).From Lemma 1 we find the unique f € Si

such that r/lintS - X. Whence ry'l(exp Z(S)) : tls and L({t) -- h-
(ii) It follows from (3) and the preceding construction.
(ii i) If L(lt): L(lr): h jlr,r\t e Si) then ry'(expX): tlt{expX) for

allX e t(D by (3). Therefore ry'l(expL(S)) : /rl(expL(S)) and t : ,lttby

continuity. This completes the proof. n
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Note that Sf endowed with operations (ry'1 , t) r+ {1{2 and (L , (r) r-+ ry'r 1). e
lR) is a vector space and that

L({rtL) : L(t) * L({t), L(rlr!) : )'L(t)

for tl4, rlrz e Si, i. e IR-
If ft satisfies (A), then it may be extended to a linear functional i onL(G) and

vice versa, and these extentions coinside on I(S) - .L (D.
In the sequel V* denotes the dual of a finite dimentional vector space V and ML

denotes the annihilator ofa subset M c V.

COROLLARY 4. The vector space Si is finite dimentional and isomorphic with
a subvectorspace of the dual space (,L (D - .L(S))*, S{ is a pointed wedge in Si.

Proof. From what precedes it now follows that for every {r e Sf we may
consider L(rlr) as an element of the factor space Z (G)* I QG) - l, (S))r - (l, (S) -

l(,S))., where - is a vector space isomorphism, and L : V > Z(r/) from Si to
(Z(S) - L(S)). is a vector space monomorphism. The last statement is obvious.

A wedge W in L(G) is called a Lie semialgebra if for some Campbell-
Hausdorff-neighborhood B in L(G)

( W n B )  x ( I 4 z o  B ) c W

where x denotes the Campbell-Hausdorff multiplication in t(G):

x  * Y :  ( x +  D  + : V , r l  + .  . .  I  H n ( x , Y )  + . . .  .
z

Note that l, (D is a semialgebra for invariant S [6,IV.71,14,III.2.15] (S is called
irwariant if it is invariant under all inner automorphisms of G).

TI{EOREM 4. Let S be a generating Lie semigroup in a simply connected Lie
group G, L(S) a semialgebra and h : Z(S) -+ R.

(1) h : L({r) for some tft e Si if and only if h satisfies (A) and the following
condition:

^ (D) tftfc), L(G)] - 0, wherei is the unique linearfunctional on L(G) with
hlL(s) :  h.

(ii) h : L(p) for some p e Si if and only if (A), (C), and (D) hold.
Proof. (i). Let h : L({r), f € Si. Since t(S) is a semialgebra, Z(,S) - Z(S) is

a subalgebra of L(G) 14,ll.2.l3l. Because S is generating, L(G): l,(S) - t(S).
This implies the uniqueness of ft.

Now let B be the suitable Campbell-Hausdorff-neighborhood in Z(G). For
Xr,Xz € I , (D onecanf lnedd > 0such thattXl , tX2 € B fort  € (0,6).  Hence
(rX1) x (tX) e t(S) for / € (0, d). Since exptXlexptX2: exp(/Xr x tX2),we
have by (B) and the Campbell-Hausdorff formula:

n

h (t x ) + h (t X ) : h (t x r x t X ) : h (t x ) * h (t x) +Dt (H n (x t, x z)) t" .
n:2
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Therefore DTri@,(X1, X))t" : 0 for alI t e (0,6), so that i1H,1Xr, X)) :

0 for all n 2 Z.In particular h(lXr, Xzl) :0 for all Xt, Xz e Z(S). This equality
together with Z(G) : Z,(.t) - r(S) imples (D).

To prove the converse assume that h : L(G) -+ R. is a Lie algebra homo-

morphism and therefore i : f6l for a unique Lie group morphism Q : G -->

(0, *oo). Set ry' :: dls. We have for I e IR+, X e L(S)

,L@xptX) :d(exp tX) :  i t tx l  -  eth(x),

whence h: L({r) .
(ii) Let h satisfies (A), (C), and (D) and p ::,01S. Then p(exp X) : enZ) 41

for all X e t(S). Therefore p : (exp Z(S)) -+ (0, 1l and p € Sil by the continuity'

The proof is complete. tr

We shall assume that in the corollaries below all the conditions of Theorem 4

are satisfied. For a wedge W c L(G) we denote the dual one by W*.

COROLLARY 5. The vector space Sl is isomorphic with the annihilator lL(G),
Z(G)lr and this isomorphism carries the wed'ge SI onn L($ * n [L(G), L(G)]L.

Proof.Identify Z(r/) with its (unique) extention L(rb) e L(G). 1p e Si).
Then by Theorem 3(iii) and Theorem 4 the map L : t t-> L(L) from Si onto

[L(G), L(qlr is a vector space isomorphism. For p e ^lf we have -L(p) e

Z(S)* by (C). This implies the last statement of the corollary. !

We shall denote the commutator-group of Gby G'.

COROLLARY 6. The space Sl is trivial if and only if G : G'.
Proof.It follows immediately from Corollary 5 and the fact that [t (G) , L(G)] :

f (G) is equivalent withG' : G. !

COROLLARY 7. Suppose that G is semisimple and intS is connected. Then every

strongly continuous positive representation of S in Hilbert space is trivial.
Proof.It is the consequence of Corollary 6 and Theorem 1. !

COROLLARY 8. Suppose that G is semisimple and V an ordered vector spoce

which is Dedekind o -complete. Then every continuous completely monotonic func-
tion f: S -> V istrivial.

Proof.It is the consequence of Corollary 6 and Theorem 2.

COROLLARY 9. The restiction map J : Q r-> QIS from G\ to Si ls c vector
space isomorphism.

Proof. Clearly "I isl inear.NowletdlS: drlSfor Q,Qr e Gi.Then L(i l lL(S)
: L($)|L(S). Since L(G) : r(S) - L(S), L(Q) : L(Q), and Q : dr (G is
connected). So ,I is injective. Finally, as in the proof of Theorem 4(t) fot h :

D
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L(rh) (f € Si) there is 0 e G\ such that h : L(flS). Whence p : @lS by
Theorem 3(iii) and ,I is surjective. n

COROLLARY 10. If Si separates the points of S then S is abelian.
Proof .Leta,b e Sand ab lba.Forevery 0 eG\wehave Q((ba)- rab) :1,

i. e. Q@b) : Q(ba). By Corollary 9 {r(ab) : '!(ba) for every r/ e Si. n

COROLLARY 11. Let G be abelian. The wedge Sl is generating in Si if and only
f  S -1  n  S :  {e } .

Proof. Since [Z(G) , L(G)]: {0}, Sf is isomorphic with L(S). by Corollary 5.
According to 14,1.1.4 and I.1.71 Sf is generating if and only if l(,S)** : I(.1) is
pointed, i. e. -Z(S) n f (D : {0}.Finally, Z(5-t n.S) : -I, (S) n l(S). rl

COROLLARY 12. LetlL(G), L(G)l n r(S) : l0l andS-l n S : le|. Then

d ims l :d imG-d imG'

and thc wedge Sl is generating in Si.
Pruof. According to the Corollary 5 instead of Si we may consider the wedge

w :: 1,15;* n[L(G), L(q1L in L(G)*.By 14,I.1.6 and 1.2.32] its dual wedge is

w* : L(s)** +lL(G), L(G)1" :  t(s) + [r(G), L(G)1.

Since ̂ S-r (-l S : {e},the wedge I(S) is pointed, so that -W* n W* : [L(G),
L(G)l: L(G'). Using the Compliment Formula

dimlT + dim(-\4l. n W*) : diml(G)

we have

di-si + dimz(G') : diml(G)

and the first statement follows.
Now by Corollary 5

dimsi : dimll(G), L(G)lr : dimZ(G) - dimtr(G), L(G)l

: dimt(G) - dimL(G'): dim,Sf

which completes the proof.

4. Existence of Bounded Positive Semicharacters

Corollary 12 implies sufficient conditions for nontriviality of Sf. The following
theorem may be regarded as a non-commutative analog of A. Gleason's Theorem
[7] (below we consider the interior intf (S) of Z(S) with respect to f (G)).

(4)

n
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THEOREM 5. Let S be a generating Lie semigroup in a simply connected Lie

group G, L(S) a semialgebra.- 
G) fne wedge Sl is nontrivial if and onlv if lL(G), L(G)) ' intl(S) : 0'

(ri) Let 1L(G),-L(G)) n intl(s) : a and I be an ideal of s generated by

exp( in t l (S) ) .Foreveryy  e  I  andcv  e  (0 ,  I l there is  p  e  S I  suchtha t  p (y ) :q '

If S is invariant, thenintl is dense in S.

Proof. (i) "+": Let X6 e lL(G), L(G)laintt(,9). We may assume rhat Xs t' 0

for if this is false we deduce L(s) : L(G),S : G, and,Sf : i1). For an e-ball

B(Xo,4 C L(G) let C be the wedge generated by B(X6, e )' Then

lL(G) ,  L (G) l+  t (s )  )  IR '  Xo *  C :  L (G) .

Therefore for every p e Si andi e L(G). witfr fi-lf (D : L(p) we have by (D)

and (C)

irtrq) :i(r(c), L(G)l) + fi'(r(D) c 1-oo, 01.

Hence L(p) :0 and p : 1, which proves the necessity'

"€": Now letlL(G),L(G)I n intl(S) : 0' Thelby the Separating Hiper-

qJane Theorem there is 6 e L(G). such that h :: hlL(S) < 0, h f 0, and

T(;G),L(G)D : {0}. Thus all the conditions of Theorem 4(ii) are satisfied.

Consequenf h : L(p) with 1 * p e Sf and (i) is proved

(ii) Let i, h, and p are the same as in (i),"e" above and H :: kerh' By the

argument similar to that given il (i), "1", H n intZ(S) : A'Hence h(X) < 0 fot

atix e intl(S) and p(x) - eh(x) < 1 for -r e exp(intl(S)),'r - exp X'Let

.I :: S. (exp(intZ(s))) u (exp(intl(^S))) ' s'

the ideal generated by exp(intl(s)). In view of Lemma 2, 0 < p(y) < 1 for every

y € I .Thenfora e (0, 1l  wehave pL(y):  cv withsuitable ) '>O'

Finally, let S be invariant. There exists a neighborhood U of e in G such that

(Js :: U t^t intS c exp L(S) 17, VI.4l. After shrinking U we may assume that

us C exp(intr(D). Because e is in the closure of s . us U uo' s c int/, int.I is

dense in S, and the proof is complete' tr

THEOREM 6. Let S be a generating invariant Lie semigroup in anontrivial solv'

able simply connected Lie group G, S-1 O S : {e}. Then the wedge SI is nontrivial

and the assertions of Theorem 5(it) hold.
proof. Assume that lL(G), L(G)l n intz(s) I a. since r(G) is solvable,

[L(G),f (G)] C Jy', the maximal nilpotent ideal of Z(G).LetZ denotes the centre

of L(G). By [8, Lemma 2.4] N n t(S) c Z because the wedge z(s) is invariant

and pointed. Thus Z n intZ(,S) * A and L(G) is a compact algebra by [8, Propo-

sition 2.11. Therefore G : K x V, where V is a central vector group and K is a

maximal compact subgroup. Since K is connected and solvable, it is commutative,

so that IL(G), L(G)l :  {0}.This impl ies 0 e intZ(S),  L(S) :  L(G)'  and S :  G,

a contradiction.




