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IIOKa3BIBaCTCi[, YTO €CJIM rpyIia G = AB sBisercs TIPOU3BEACHUEM B3aUMHO IIEPECTAHOBOYHBIX CBEPXPA3PEIIUMBIX ITOATPYIIIT

A u B, TO cBepXpa3pelnMBblii Kopaaukai rpynns! G COBIAAAaeT C HIJIBIIOTEHTHBIM KOPAAHKAIOM KoMMyTaHTa G'.

Knroueswie cnosa: xoneunas epynna, céepxpapeuwiumas noOOZpynna, 3auMHo nepecmano80yHble NOOZPYNNbl, KOPAOUKA.

We prove that if a group G = 4B is the mutually permutable product of the supersoluble subgroups 4 and B, then the super-
soluble residual of G coincides with the nilpotent residual of the derived subgroup G'.
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1 Preliminaries

All groups in this paper are finite. Formations
of all abelian, nilpotent and supersoluble groups is
denoted by A, 91 and 4 respectively. If § is a
formation and G is a group, then G° is the  -re-
sidual of G, i.e., the smallest normal subgroup of
G with quotient in §. If X and § are hereditary

formations, then, according to [1, p. 337-338], the
product
XF={Gee¢|G eX}

is also a hereditary formation. A Fitting class which
is also a formation is called a Fitting formation.

We need the following lemmas.

Lemma 1.1 [2, 4.8]. Let G = AB be the prod-
uct of two subgroups A and B. Then

(1) [4,B]=([a,b]|ac A,beB)<G;

(2) if A < A, then A[A4,B]1<G;

(3) G'=A4'B[A4,B]

Lemma 1.2 [1,1V.11.7]. Let § and $ be for-
mations, G be a group and K < G. Then

(1) (G/K)* =G°K/K;

(2) G¥ =(@);

Q) if H T, then G° < G°.

If H is a subgroup of a group G, then H°
denotes the smallest normal subgroup of G contai-
ning H.

Lemma 1.3 [2, 5.31]. Let H be a subnormal
subgroup of a group G. If H belongs to a Fitting

class §, then H® € §. In particular,
(1) if H is nilpotent, then H is also nilpotent;
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(2) if H is p-nilpotent, then HC is also p-nil-
potent.
Lemma 1.4. Let G = AB be the product of the
supersoluble subgroups A and B. Then G* <[A,B].
Proof. By Lemma 1.1 (1,3) and Lemma 1.2 (1),
(G/[A,B])' =G'4,B]/[4,B]=
= A'B[A4,B]/[A4,B]=
=(A[A4,B]/[A,B])(B'[A,B]/[4,B)).
The subgroups
(A'[A4,B))/[4,B]= A"/ (4" "[4,B)]),
(B1A4,B))/[A4,B]=B'/(B'N[A4,B])
are nilpotent [3, VI.9.1] and normal in G/[4, B] by
Lemma 1.1 (3), so (G/[A4,B])" is nilpotent. By
Lemma 1.1 (3), A[A4,B] and B[4, B] are normal in
G. In view of the Baer Theorem [4], G/[4,B] is
supersoluble. Hence, G* <[4, B]. O
Lemma 1.5 [1,11.2.12]. Let X be a Fitting for-
mation, and let G = AB be the product of normal
subgroups A and B. Then G* = A*B*.

2 On the i -residual of mutually permuta-
ble product

A group G = AB is called the mutually permu-
table product of subgroups A4 and B if UB=BU
and AV =VA for all U<A and V <B. Such
groups were studied in [5]-{[8], see also [9].

We prove the following theorem.

Theorem 2.1. Let G=AB be the mutually
permutable product of the supersoluble subgroups
A and B. Then G* =(G")" =[4,B]".
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Proof. By Lemma 1.4, G"<[A4,B]. Since
U NA [3, VII.1], by Lemma 1.2 (2,3), we have
G"™ =(G*)" =(G")" <G*.
Verify the reverse inclusion. Since
(GI(G)) =G (@Y GV =G (G
is nilpotent,
G/ (G = AG)" 1 (G -B(G)" 1 (G
is supersoluble in view of [5, Theorem 3.8] and
G* <(G")". Thus, G* =(G")™.
By Lemma 1.1 (3),
G'= A'B[A,B]=(A4)°(B")°[4,B].
The subgroups 4’ and B’ are subnormal in G by
[8, Theorem 1] and nilpotent, therefore (A4')(B')°
is normal in G and nilpotent by Lemma 1.3 (1). In
view of Lemma 1.5 with X =91, we get
G =(G)" = (A (B))'[4,B]" =[4,B]". O
Corollary 2.1.1 Let G = AB be the mutually

permutable product of the supersoluble subgroups
A and B. If [A4,B] is nilpotent, then G is super-

soluble.

The class of all p-nilpotent groups coincides
with the product € 9 , where 91 is the class of
all p-groups and €, is the class of all p’-groups. A
group G is p-supersoluble if all chief factors of G
having order divisible by the prime p are exactly of
order p. The derived subgroup of a p-supersoluble

group is p-nilpotent [3, VI.9.1. (a)]. The class of all
p-supersoluble groups is denoted by pil. It’s clear

that (’Ep,‘ﬁp cpic (’Ep,‘ﬁle.
Theorem 2.2. Let G =AB be the mutually
permutable product of the p-supersoluble subgroups
A and B. Then G™ =(G")*™ =[4,B]"™".
Proof- By Lemma 1.2,
(G')E”m” _ (Gm)qmp —GYY < gt
Verify the reverse inclusion. The quotient group
G/ (G =
= (G 1 (@) BG) ™™ 1(G)™)
is the mutually permutable product of the p-super-
subgroups  A(G)"™ /(GH™ and
B(G")*"™ /(G")*"™ . The derived subgroup
(GG ) =G (@)™ 1(G)™ =
=G'/(G)"™

soluble
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is p-nilpotent. By [8, Corollary 5], G/(G")*"™ is

p-supersoluble, ~ consequently, ~ G™ < (G')*™".

Thus, G™ =(G')*™".
By Lemma 1.1 (3),
G'= A'B[A4,B]=(4)°(B)°[4,B].
The subgroups A" and B’ are subnormal in group
G [8, Theorem 1] and p-nilpotent [3, VL.9.1 (a)],

hence (4")°(B’)° normal in G and p-nilpotent by
Lemma 1.3 (2). In view of Lemma 1.5 with
X=€¢,M, we get
G = (Gr)@,,m,, —

= ()B4 BIY™ =[4,B7. O

Corollary 2.2.1. Let G = AB be the mutually
permutable product of the p-supersoluble subgroups
A and B. If [ A, B] is p-nilpotent, then G is p-super-
soluble.
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