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Abstract
The aim of this work is to derive a symbol calculus on L*(R) for one-dimensional Hausdorff operators in
apparently the most general form.
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Introduction and preliminaries

Modern theory and growing interest in Hausdorff operators can be traced back to [4] and, especially, to [8]. One of the
simplest properties of such an operator in one of its traditional forms

Hyf () :=/K(u)f(£)du (1.1)
R u

is the fact that it is bounded on L?(R) if K(u)|u|% € L'(R).

However, there is a feeling that the study of this traditional form is somewhat exhausted. A more general form of the
Hausdorff operator has been recently suggested in [6] and [7]; we present it in a slightly different manner:

Hy of () :=/K(u)f(xa(u))du, (1.2)
R

where the given functions K and a are measurable and a(u) # 0 for a.e. u € R. Similarly, it is bounded on L*(R) if
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K
(l/l)l € LI(R) (1.3)
la(u)|>

This follows by straightforward application of generalized Minkowski’s inequality.

To make the setting meaningful, we shall assume that a is an odd function, monotonously decreasing to zero on R, .
It may have a singularity at the origin. In other words, this function mimics the usual L Throughout, we shall also
assume that the condition (1.3) holds. !

The aim of this work is to derive a symbol calculus for one-dimensional Hausdorff operators on L?*(R) of the form
(1.2). The notion of a symbol for (generalized) multidimensional Hausdorff operators was introduced in [10] and
extended in [11]. In our case, the construction of a symbol induces the map

Smb : My, = ®, A, - Mat,(Cy(R)), (1.4)

which is injective and multiplicative. Here

A, = {Hm : K(”)l eL‘(R)},
la(u)|2

Cy(R) stands for the algebra of continuous functions on R vanishing at infinity, and Mat,(C,(R) denotes the algebra of
matrices of order 2 with the entries in C,(R)).

It is noteworthy that in some important cases (see, e.g., (1.1)) the symbol of a one-dimensional Hausdorff operator
in a sense of [10] is closely related to the notion of a symbol of an integral operator with homogeneous kernel intro-
duced and studied in [5].

There are two main results in this work, Theorems 2.2 and 3.4. We prove and discuss them in the two following sec-
tions, respectively.

The algebra A4,

We begin with a property of the map defined in (1.4).

Lemma 2.1 The map Smb : A, — Mat,(Cy(R)) is an isometry, if we endow the algebra Mat,(C,(R)) with the norm
Pl = supser 1P,

Here || - ||, stands for the operator norm of a matrix as the norm of the operator of multiplication by this matrix.
Proof Let My denote the operator of multiplication by the matrix function ® € Mat,(Cy(R)) in the space of vector valued
functions L2(R, C?). It is known from [10] and [11] that the map Hy , = Mg is an isometry (with respect to operator
norms) if ® = Smb(Hy ). On the other hand, || M|l = ||®|| by [11, Corollary 3].

We are now in a position to present our first main result.

Theorem 2.1 The set A, is a non-closed commutative subalgebra of the algebra L(L*(R)) of bounded operators on L*(R)
without unit.

Proof Straightforward calculations yield the commutativity of A,,.
Further, the matrix symbol Smb(Hy ,) = ® of an operator Hy , can be defined as in [10] by

® = <Zf 2;), @.1)
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where in our case

K is o~
0.(s) = / K@lul” 4, — &), 2.2)
0 Ja(u)]:
K is ~
o_(s) = / K@lal” 4, - o), 2.3)
0 Ja(u)|}

with K, (1) 1= K(ie—_r)e,_r € L'(R) (the “hat” stands for the Fourier transform).

lae™|2
Since the map (1.4) is an isometry (and therefore, injective) and multiplicative, to prove that .4, is an algebra, it suffices
to show that the product of two symbols is also a symbol. More precisely, it suffices to show that if Smb(H ,) = ® and
Smb(H; ) =¥, then ®¥ = Smb(H,, ,) for some H,, € A,
But

OV = <(p+ (p_> (l//+ w_) _ ((p+w+ +o_w_ o +(p_u1+>
o_o,.) \w_ v, POV, QY+ Oy

_ ((K+ x« L, +K_* L) (K, xL_+K_ *L+)A>
(K, *L_+K_+L ) (K, *L, +K_=*L_)"

where * denotes the convolution in L!(R).
Defining the functions O, on R by

0.(t) :=K,  * L, (t)+K_=*L_(¢),

0. ():=K, «L (O+K_xL,©0,

we obtain

oW = <QA+ QA—> .
0 0,
Let Q be a function on R satisfying

O(xe™e™

la(e)|7

0. = (2.4)

Then ®¥ = Smb(H,, ,) by the formulas similar to (2.1), (2.2), and (2.3). Since O, € L'(R), we have L"), e L(R).

laG)]2

Hence, H,, € A, L

Choosing a sequence of kernels K, satisfying (1.3), we enjoy the property that the sequence of Fourier transforms K,
converges to a function from Cy(R) \ W, (R) uniformly on R. Here W,,(R) denotes the Wiener algebra of Fourier transforms
of functions from L!(R); for a comprehensive survey, see [9]. Assume that the sequence of operators K. COnverges to
an operator H; , from A, in the operator norm. Then by Lemma 2.1, the sequence of symbols Sym(H K,.) converges in
the norm || - ||,,, to Sym(#, ,) uniformly on R. But this implies that I?n: converges to l: € Wy(R) on R, and we arrive at
a contradiction.

Finally, let Hy , = I, the identity operator for some Hy , € A,. Then Smb(Hy ,) = E, (the unit matrix of order two)
and therefore I/(:(s) = 1, which leads to a contradiction. This completes the proof.
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Corollary 2.1 The algebra A, is not Banach.
The particular case a(u) = i reduces to

Example 1 The set
A= {Hy : K@lul? € L'(R)}

is a non-closed commutative subalgebra of L(L*(R)) without unit.

Functions of Hausdorff operators
In the sequel, let 6(Hy ,) denote the spectrum of Hy , in L*(R).

Theorem 3.1 Let Hy , € A,. If a function F is holomorphic in the neighborhood N of the set c(Hy ,) U {0} and F(0) = 0,
then F(Hy ) € A,

Proof Let® = Smb(Hy ). Then Hy , = U~ IM(D U, where U is a unitary operator taking the space L>(R_) x L>(R +) (which
is isomorphic to LA(R)) into LA(R) x L*(R) = L*(R, C?) [10]. Moreover, the spectrum of H,, equals to the spectrum of
@ in the matrix algebra Mat,(C,(R)) [11]. This implies (see, e.g., [1])

F(Hg,) = ZLm /F FO)(A =My )" 'da

- L / FOYG = U Mgl da
Zﬂ'l r

- u<i /F(A)(/l - Mq,)_ld/1>1[1
27i Jr
= UF (MU' = UM U,

where I" is the boundary of any open neighborhood U of the set 6(Hg ) U {0} such that N contains its closure. To finish
the proof, it remains to show that F(®) is the symbol of an operator in .A,,. For all regular 4, we have

_ 1 [A—o —qo_>
A—®) = — + ,
(- ®) A<—(p_ o

where A 1= (4 — @, (5))* — @_(s)* # O for all s € R. Then

F(®) = 1 / FQ)(A— @) 'da
r

27

1 /1—(,0+ —Q_
=— [ FQA4 A A dA

(3 2)

- ( — FW)™=di 5= [ F) A_A(”*d/l

— <F1((p—7 (P+) FQ((p—a (P+)>
FZ((p—7 (P+) Fl(CD_’ (P+) ’

L FEeda L F(A)%dﬁ)
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where
1
Fi(z1,2) 1= —./F(ﬂ)
Tl r

and

—Z F(4)
Fy(z),2p) i= — [ —————
2(Z1 Zz) i . Zz)z — Z?

Functions ¢, = I/(; belong to W (R). We are going to prove that F;(¢_, ¢, ) and F,(¢_, ¢, ) belong to W,(R), too. To this
end, we employ the functional calculus of several elements of a commutative Banach algebra with unit (see [3, §13] or,
e.g., [2, Ch. III, §4]). However, the convolution algebra L!(R) is a commutative Banach algebra without unit. Let

Vi={3=Ade+f:r1eCfel(R)

be a Banach algebra obtained by the formal adjunction of a unit element e to L' (R) (see [3, §16]). Each non-zero complex
homomorphism of V is y,(de + f) :f(s), where s € R or y(Ae +f) = A [3, §17]. In particular, 3 € L'(R) if and only
if w(3) = 0. We denote by Spec(V) the Gelfand spectrum (the space of all non-zero complex homomorphisms) of the
algebra V. The map G3(v) := w(3) (w € Spec(V)) is called the Gelfand transform. Then

Glde +f) = A+].
The joint spectrum of elements K, of the commutative Banach algebra V is
ou(K_,K,) 1= {(GK_)(w), (GK)(y) : y € Spec(V)}
= {(K_(5),K,(5)) : s e R} U {(0,0)}
= {(9_(5), 9,(s)) : s € R} U {(0,0)}.

We claim that the functions F(z,,z,) and F,((z, z,)) are holomorphic in a neighborhood of ¢,(K_, K, ). Indeed, it is
known [10, Theorem 2] that

o(Hgq) = cl@R) U ¢*(R)),

where o =@, +@_, ¢* =@, — @_. It follows that for all A€l and z; € cl(p_(R)), z, € cl(¢,(R)), we have
(A —2,)* — 27 # 0 (since A # z, + z,). Therefore,

min{|(4 — z,)* — Z%| 1AeTl,(z,) € op(K_,K,)} >0,

and thus both functions F; and F, are holomorphic on some neighborhood of the joint spectrum. The functional calculus
in commutative Banach algebras implies that there are 0, € V such that F 1!2(1/(\_ , I/(:) = G0, respectively.

Observingthat (0, 0) = F,(0, 0) = 0, weconclude (see, e.g., [2,p. 78, Theorem4.5]) thatys ., (Q,) = F ,(W(K_), w,(K,)) = 0,
andsoQ, € L'(R). Itfollows that F\(¢_, ,) = O_ € Wy(R)and F,(¢_, ¢,) = O, € W,(R). If the function Q on[R s given by
(2.4), then F(®) = Smb(H, ,), as desired.
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