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Abstract. In the literature in physics, devoted to the section “Electricity and magnetism”, various forms of conductors with
currents that create a magnetic field are considered. One of them is the ring. A ring or a single-turn circuit is an element of
many electrical devices. One of the main parameters of the ring is inductance. In this work, we first consider the magnetic flux
created by a current-carrying ring. Then, based on a certain magnetic flux, the inductance of the ring is found. The resulting
formula is in good agreement with the other expressions for the inductance of the ring.
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Introduction

The study of the inductance properties of
current-carrying circuits began to actively develop
after the invention of the radio. Nowadays,
inductance is needed by a huge number of different
customers with a huge range of geometric sizes,
small of which have hundreds of microns or fewer.
One of the simplest elements of electrical circuits is
a ring or a single-turn circuit. To determine the
inductance of the ring, formulas from [1]-[3], which
are approximate, are often used.

At the same time, it is of great interest to obtain
an expression for inductance directly from the
definition. In this case, inductance is the coefficient
of proportionality between the current and the
magnetic flux through the surface limited by the
current-carrying circuit [4]-[10]

&=1I, 0.1)
where @ — is the magnetic flux, L — is the inductance
of the ring, / — is the conductor current.

1 Determination of magnetic field induction
inside the ring

The magnetic field induction of a current
system can be determined by using the Biot—
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Savart — Laplace law [4]-[10]. Finding the magnetic
field induction of a circular current within the
framework of a general physics course is presented,
as a rule, only for points lying on the axis of the coil.
In this work, we consider the possibility of using the
Biot — Savart — Laplace law for points inside the coil
with current (in the plane of the coil).

Let us consider a circular current of radius R

and a current element / d/ (Figure 1.1).

Let us find the magnetic field induction of the
current element at a point located at a distance p
(IONI) from the center of the circle. According to
the Biot— Savart— Laplace law, the magnetic
induction created by a current element

bl [di X7 J
dB=———7—=, 1.1
4nr (-1
where p, — is the magnetic constant, / — is the

magnitude of the current, the vector 7 is directed
from the current element to the point under study.

The magnitude of magnetic induction taking
into account relation (1.1)

dB - wold!

o sina., (1.2)
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where o — is the angle between the vectors dl and 7.

A

Figure 1.1

The vector dB in this case will be directed
beyond the plane of the drawing.

Considering that dl = Rdo, expression (1.2) can
be represented in the form

IRdo .
aB =5 ginq. (1.3)
4nr
Let us find the connection between the angles o
and ¢. Let the angle ¢ lie in the range from 0 to
n/ 2. From Figure 1.2 it follows that
rcos((x—n/Z) =R+ pcoso.
Then after transformations we obtain
rsino—pcos@ = R.
A

Y

Figure 1.2

Now let the angle ¢ lie in the range from /2 to 7.
From Figure 1.3 it follows that

rcos(a—n/2)+pcos(n—q)) =R.
Then after transformations we obtain
rsino—pcos@ = R.

v

Figure 1.3

Thus, for angles ¢ lying in the range from 0 to
7, the relation is satisfied

sinazw. (14)

r
Let’s substitute relation (1.4) into expression

(1.3)

:mmm+@m@m1 (1.5)
4mr

Using the cosine theorem (Figures 1.2 and 1.3)
for triangle ONM and angle (m — ¢), we can write

7> =p” +R>—2pRcos(n— o)

dB

or

r=\/p2+R2+2pRCOS(p. (1.6)
Taking (1.6) into account, expression (1.5) is
transformed to the form

HolR(R+pcos@)do
47‘C(p2 +R*+2pR cosq>)

dB =

(%)

Integrating over the entire length of the turn,
from (1.7) we obtain

B 2} LoIR(R +pcos@)do

0 47‘C(p2 +R* +2pRcos (p)

— (18

In expression (1.8), the two in front of the
integral also takes into account the angles ¢ lying in
the range from =« to 27 (due to symmetry).

2 Determination of magnetic flux through a
surface bounded by a ring

Let us find the elementary magnetic flux
through a ring, the inner radius of which is p, and the
outer radius is p + dp (the width of such a ring is dp,
the length is 2mp, the area is 2npdp, and the vector

dB is perpendicular to the area dS).
d® = BdS = B2npdp. 2.1
Let us substitute the magnetic induction from
(1.8) into expression (2.1)
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T IR(R
i = 4mp] L RETPCOSOUQ () 5)

0475(p2 +R? +2pRcos<p)'

To find the entire magnetic flux, you need to
integrate expression (2.2) over p in the range from 0
to R (idealization of the problem when the cross-
section of the wire is taken equal to zero).

Rn nu IRp(R+ pcos)
Q=[] - 0 - =dodp. (2.3)
0 O(p +R +2pRcoscp)
Let us introduce the parameter k=p /R , then

dp = Rdk and relation (2.3) will be rewritten as a
double integral

k(1+kcos o)
(kz +1+2kcos (p)

Using (0.1) we write

Lr k(l+kcoso)
LZ“ORII 5
Oo(k +1+2kcoscp)

1
@ =, IR { (j) dodk. (2.4)

—dodk. (2.5)

The integral in (2.5) is an exact solution of the
problem under the assumption that the cross section
of the conductor is taken equal to zero. However,
with such an idealization of the problem, the integral
in (2.5) is divergent. In reality, it is necessary to take
into account that the conductor itself through which
the current flows has a certain diameter d (that is, the
cross-section of the conductor is not zero). In this
case, expression (2.5) will be presented in the form

“5n k(1+kcos
T

0 O(k2 +1+2kcoscp)

where d — is the diameter of the conductor with a
round cross-section, D — is the diameter of the ring
(D=2R).

Expression (2.6) defines the so-called external
inductance and does not take into account the
internal inductance caused by the magnetic field
inside the conductor. Internal inductance can be
neglected if the current flows along the surface of
the conductor. This occurs with high-frequency
alternating current and a sharp manifestation of the
surface effect.

—dodk, (2.6)

3 Calculation of ring inductance

Let us calculate the inductance using formula
(2.6). To do this you need to calculate the double
integral

=5 k(1+k cos
( L) ~dodk (3.1
(k2 +1+2kcos<p)

for a number of values d/ D. The calculated values
of the integral J (3.1) for some values d/D are
presented in Table 3.1 (from formula (2.6) J=L / neR).

For comparison, we also calculate the induc-tance
of the ring using the formulas from [1, p. 207-208]

¥ 8R ¥ 8R r
L=pRl |12 2 T 30
o [[ " ) e ) O
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L= uOR(lng—R—Zj. (3.3)
r

Formula (3.3) is a simplification of formula
(3.2) for R>r.

Formulas (3.2) and (3.3), taking into account
the relation d / D, will be rewritten in the form

L=p,Rx
d* 8D d* 8D d> ) (34
|| 1=—Ih—+— [In—-2+ = 1
4D d 2D d 16D
L= uOR(lnng—Zj. (3.5

We will enter the calculation results in Table
3.1. The third and fourth columns contain the results
of calculations carried out using formulas (3.4) and
(3.5), respectively.

Table 3.1
d/D | J,3.1) |L/uoR, 34)|L/ R, (3.5)
0,1 22177 | 2355306 | 2,382026
0,09 | 233437 | 2464278 | 2,487387
0,08 | 246400 | 2,585575 | 2,60517
0,07 | 2,61028 | 2,722497 | 2,738702
0,06 | 2,77788 | 2,879888 | 2,892852
0,05 | 297458 | 3,065263 | 3,075174
0,04 | 321319 | 3291227 | 3,298317
0,03 3,5177 | 3,581436 | 3,585999
0,02 | 394178 | 3,989048 | 3,991465
0,01 | 465626 | 4683823 | 4,684612
0,001 6,9832 | 6987181 | 6,987197

The discussion of the results

Analyzing the dependence of the values of the
integral J(d / D), we can note the following.

Firstly, as the ratio d / D increases, the value of
the integral J(d/D) decreases. This reduces the
inductance of the ring.

Secondly, when the ratio d / D decreases by 10
times (from 0.1 to 0.01), the inductance of the ring
does not increase so significantly, a little more than
twice.

Thirdly, from table 3.1. it follows that the
results of the calculations using formulas (3.4) and
(3.5) are in good agreement with the results from
formula (3.1). Moreover, the smaller the ratio d/ D,
the better the fit. At d/D=0,1 the error is
approximately 6%. At d/D=0,001 the error is
approximately 0,06%.

REFERENCES

1. Kananmapos, I1.JI. Pacuér HHIYKTHBHO-
creii: cnpaBouynas kumra / II.JI. Kamanrapos,
JLLA. Heittnun. — MockBa: DHeproaromuszaat, 1986. —
488 c.

2. Grover, F.W. Induktance Calculation /
F.W. Grover. — New York: Van-Nostrand, 1946. —
286 p.



N.A. Akhramenko

3. Teopemuueckue OCHOBbL I1EKMPOMEXHUKUL:
B 3-x T. YueOnuk mis By3oB. Tom 3. — 4-¢ uznm. /
K.C. Hemupusn, JI.P. Heitman, H.B. Koposkus,
B.JI. Yeuypwun. — CII6.: [Turep, 2003. — 377 c.

4. Cugyxun, /].B. Dnextpudectso / [1.B. Cusy-
xuH. — Mocksa: Hayka, 1983. — 703 c.

5. demnagh, A.A. Kypc ¢usuku / A.A. letnad,
Bb.M. ABopckumii, JI.b. MmuikoBckas. — Mocksa:
Bricmias mxomna, 1977. — 375 c.

6. Cagenves, U.B. Kypc oOeit pusuku: B 3 T. —
T. 2: DnekrpudecTBo ¥ MarHeTu3M. Bosnel. OnTrka /
N.B. CasenpeB. — MockBa: Hayka, 1988. — 480 c.

7. Mameees, A.H. DnekTpuyecTBO M MarHe-
ti3M / A.H. MarBeeB. — Mocksa: Bricmas mikosna,
1983.—-463 c.

10

8. Tamm, M.E. OCHOBBI TEOPHH DIICKTPHUUESCTBA /
N.E. Tamm. — Mocksa: ®usmariut, 2003. — 616 c.

9. Raymond, A. Serway. Physics for Scientists
and Engineers (with PhysicsNOW and info Trac) /
Raymond A. Serway, John W. Jewett: 6 th ed.,
Thomson Brooks / Cole, 2004. — 1296 p.

10. Hlunaesa, K.I1. ®uzuka. Kparkas teopus u
3amaun: nocodme / K.II. unstera, N.0. Jlenukar-
Has, H.A. Axpamenko. — 'omens: benl YT, 2021. —
211 c.

The article was submitted 16.01.2024.

HNudopmanus 06 aBTopax
Axpamenxo Hukonaii Apcenveguy — K.T.H., TOUEHT

Ipo6remvr pusuxu, mamemamuku u mexnuxu, Ne 2 (59), 2024





