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Gel’fand — Yaglom [2], starting with the extended
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AHHOTaUusA. YpaBHEHHE IS YacTHIBI CO CIMHOM 1/2 M ABYMs JONOJHUTENBHBIMH XapaKTePHCTUKAMH — AHOMAJIBHBIM
MAarHUTHBIM MOMEHTOM U HOJISIPH3yEeMOCTBIO — HCCIIEIOBAHO IPH HAIMYUH BHENIHETO OXHOPOIHOTO MarHUTHOro mois. Ilocie
pasziesieHus IePEeMEHHBIX II0JIyUeHa CHCTeMa 4YeThIpeX Aud(depeHnuanbHbIX YpaBHSHUH B HOJSIPHOI koopauHare. s penre-
HHS CHCTeMbl mpuMensercss meron PemopoBa — I'poHCKOro, OCHOBAHHBI Ha HCIIONB30BAHHM HMPOEKTHBHBIX OINEPATOPOB.
CormacHo 3TOMy MOJXOJY, YeThIpe MOJIIPHBIE KOMIIOHEHTHI BEIPAXKAIOTCS Uepe3 J(Be pasIMdHble (QYHKINH, IOCISIHHE CBOASITCS
K BBIPOXJICHHOMY THIIEPreOMETPUYECKOMY YPaBHEHMIO; IIPU 3TOM BO3HHMKAeT IPaBMIIO KBaHTOBaHMA. ITocTpoeHs! JBa THIA
BOJIHOBBIX (DYHKIIMH, COOTBETCTBYIOLINE SHEPIeTUUECKUE CIIEKTPHI Hai{IeHbl B aHATUTUYECKOM BHJE U HCCIIEI0BAHbI YHCICHHO.

KiroueBbie ciioBa: wacmuya co CNUHOM 1/2, JononHumenvHvle INEKMPOMACHUMHbIE XAPAKMEPUCMUKU, MACHUMHOoe noJe,
npoekmueHble onepamopbult, mouHble peutetusl, 0606W61lllbl€ IQHepeemu4ecKue CneKkmpbol.

Has uurupoBanusi: Yacmuya co cnunom 1/2, aHOMATbHLIM MASHUMHBIM MOMEHMOM U NOISAPUIYEMOCIbIO 60 GHEUIHEM
maenumnom none / A.B. Vamkesuy, [1.0. Cauenok, E.M. Oscuiok, B.B. Kucens // IIpoGnemsl ¢GH3MKH, MaTeMaTHKA
1 TexHUKH. — 2025. — Ne 3 (64). — C. 49-55. — DOI: https://doi.org/10.54341/20778708_2025_3 64_49. - EDN: TMXGPY

Abstract. In the present paper, we examine the equation for a spin 1/2 particle with two additional characteristics, anomalous
magnetic moment and polarizability in presence of external uniform magnetic field. After separating the variables, we derive
the system of four differential equations in the polar coordinate. To resolve the system of equations, we apply the method by
Fedorov — Gronskiy, which is based on the use of projective operators. According to this approach, four polar components are
expressed through only two different functions, the last reduce to the confluent hypergeometric equation; moreover there arises
a definite quantization rule. We have constructed two types of the wave functions, the corresponding energy spectra are found
in analytical form. The energy spectra are studied numerically as well.

Keywords: spin 1/2 particle, additional electromagnetic characteristics, magnetic field, projective operators, exact solutions,
generalized energy spectra.
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1 Introduction

In the paper [1], within the general method by second additional characteristics:

] +

ab

c; . el an)
(0. +ied)+—— F

to anomalous magnetic moment [6]-[9] and a

constructed a relativistic generalized equation for a
spin 1/2 particle with two additional characteristics
(concerning general formalism see in [3]-[5]). After
eliminating the accessory variables of the complete
wave function, it was derived the generalized
Dirac-like equation, the last includes two additional
interaction terms which are interpreted as related
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ec
2M?
the parameter p corresponds to anomalous magnetic

+

Vi(0, +ied ) E,,, —M}‘{f =0; (1.1)

moment of a spin 1/2 particle, and the second
parameter ¢ looks as related to a polarizability of
the particle.
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In the present paper, we will examine this
equation in presence of the external uniform
magnetic field.

2 Particle in magnetic field
We will apply the cylindrical coordinates and
the tetrad formalism. Let the magnetic field be

oriented along the axis z, 4, =eBr’/2, F,=B.

Then the above equation (1.1) takes on the form

2 2
y°i6t+y1(8r+ij+y—+ iaq,—eBr +ij? |+
2r) r 2

. ey . _
+'Y3162:|[1+M—]12F j+ﬁjlzﬂz —M}\P =0.

We will apply the Pauli basis for the Dirac matrices

0010 00 0 -1
Coooaf | Joo -1 0
"looo " o1 o of
0100 10 0 0
00 0 i -1 0
N R 0 1
"o oot o o o
i 0 0 0 0 -1 0
/2 0 0 0
N 0 -1/2 0 0
PR o o 1/2 o/
0 0 0 -1/2

1/2 0 0 0
L |0 =1/2 0 0
ije= )
0 0 1/2 0
0 0 0 -1/2
and the following substitution for the wave function
L)
Y= Le’igtei'”q’eikz L) Le”'”e"mq’eikzF(I’),
Jr L0 r
Ja(r)
where F(r) is a 4-dimensional column
L)
Fy =", @.1)
()
£
Let us (temporally) simplify the notations
eB= B, eF,=B, epn=>U, ec=o;
correspondingly, the main equation reads

2 2
{{Syo +iy'0, +y—(—m - B; +ij12J—ky3}><
r

oB uB o _
[1+M J' j }‘I’ 0,
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or
000 |0 0 0 -
000¢ |0 0 -
+ +
e 000 |0 i 0 0
0eo00l@ 0 0 o0
o o o L
.
i
0o 0o -Lo
+ T X
0o -L 0 o0
r
L 0o 0 o0
r
2
el BT 0 0
2
2
0 w1 B 0
2 2
X 2
0 0 mel BT
2 2
2
0 0 0 —m—l B
2 2
0 0 -1 0
00 0 1
—k X
1 0 0 0
0 -1 0 0
172 0 0 0
GBl O -1/2 0 0
X 1—1—2 —
0 0 1/2 0
0 0 0 -1/2
1720 0 0
0-1/20 0
kB My =0.
M0 01/2 0
0 0 0-1/2

With the use of notations

g d m+1/2+Br*/2

m+1/2_Z %9
d m-1/2+Br*/2

bml/Z d_ -
r r

the last equation reads simpler

(k) 0 0 0
0 (c+k) 0 0

0 0 (c+k) 0 B
0 0 0 (e=h [lﬂzszfz(r)
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0 0 0 —ia

m1/2
0 0 -ib 0
+ m—1/2
0 ia,.,, O 0
ib, ., 0 0 0

it leads to the separate equations

Bo .
=82S (1) (2]\4_2+ ’J +

+f3<r)(k+s)( ’B"] f()( Bu Mj—o,
bm-]/zfs(r)(ﬁ_ij"‘
+(r)(e— k)(l+ ’B"}sz( )[+”’l— j—o,

G .
am+1/zf2(r) (W"’ lj +

+f(r)(E- k)[l—’B"j fi(r )(—’B—“— j=o,

=b, 1211 (1) (# - i] +

+f2(r)(s+k)( j+f4( )[ B _ j=0.(2.2)

In order to resolve this system, we will apply
the method by Fedorov — Gronskiy [10]. It is based
on the use of projective operators related to the third

spin projection
/720 0 0 1000, 0000
o | 0-1/20 0 0000 0100
Y=i" = ;Po= ,P= ;
0 01/2 0 0010 0000
0 0 0-1/2 0000 0001

according to this approach, each projective
constituent is determined through one function:

b2 0
‘I’(r)IOF(r) \I‘(r):'sz(r)
+ f; 1 ’ - 0 2 ’
0 /4

where F(r), F,(r) note two main functions from
which  functions  f,(7), £,(r), £;(r), f,(r) are
constructed (see (2.1)); f, /s, f;, f, stand for

numerical variables that will be found below.
Therefore, equations (2.2) take on the form
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m+1/2f4F(”)[ M2 'Hj"'

]ﬁm[

m I/Zf; (

+f3F<r)(k+a)( Mj_o,

+

NG k>(1+ lBGJ+f2F()(+lBl— j— ,

a,. b (r )(

LR (- k)[l—z’B"j FE(r )(—’B—“— j=o,

G .
_bmfl/ZﬁF; (}") (W - lj +

iBu
+1,E(r)e+k)| 1+ + f.F, +—- 0.
L) )( 2Mjf4()( i J
Also, we should impose differential constraints that

will permit us to transform differential equations
into algebraic ones:

m+l/2f;$F (}’)( M +lj+

iBo
)
iB
+fF(”)[ ]\; MJ 0, a,,,F(r)=CH

j+f4F (r)(e— k)(1+ iBo j+

+f3Fl(r)f(k+8)(

bm1/2f‘3F1(r)(2 2M2

iB
+‘f2F2(}”)(+—MH— J =0, b, ,,F(r)=C,F;

i foF) (’")( +l]+fF(r)(s k)(l_ iBo )4_

2M?

iB
+f3F(r)( =E_ J: 0, a,,,55() =CF

_bm_]/zflE(r)(2_]\;_i)+szz(r)(s+k)( 2”;; j N

iB
+f4Fz(r>[+j—Mj ~0, by F() = G,

Taking into account these two constraints
4,5 (r)=CE, b, ,F(r)=CF,
we get the algebraic system

—C[ Ve +ljf4+(k+g)[l—lB—ij3
_iBp _
+[ 2M jfl 0
c{ﬁ— jf3+(a k)(uzlf; jf4+

2M*?
iB
+[+2_H_ sz :0’
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G (542 +ljf2+(s k)[l— iy jf+

_iBu _
+( M jf}

Bo iBo
_CZ[W )f +(8+k)(1+2M jf2+
By _ _
+(+2M jf4 0.

Without loss of generality, we can equate two
parameters, C, = C, = C, so we obtain

a,.,F5(r)=CF, b, ,F(r)=CF, =
(am+l/2bm—l/2 -C*)F(r)=0,
(By1/2 012 — c’? VE,(r) =0;

then the above algebraic system reads simpler

(ZBH+Mjf +0- f2+(k+s)(1— iBo jf3

oM
C[ZM ij“ ’

TR
+(e— k)(1+lf;)f4—0,

(e- k)(l—zl]\;jf+c(2§;2+ijfz—
(;ﬁ;+Mjf3+0ﬂ :

jf +(8+k)(1+ ‘5o jfz

_Cﬁﬂ_
iBu _
+0- f, + (2M ] f,=0. (2.3)

2M?

3 Solving the second order equations for
£ (r) and F,(r)
We have two equations
(@y01120012 = CZ)F1 (r)=0,
(B 12y o = CF, (r) = 0,
where
~d m+1/2+Br*/2
mel/2 T t— >
dr r
d m-1/2+Br*/2
bm—l/2 = d_ -
r r
In explicit form, these equations read
d°F, 1dF,
—+——
dr rdr

a

(m—-1/2)

+ —lerz —lB—mB—Cz— 5
4 2 r

F =0,

d*F, 1dF,
— Ll
dr*  r dr
52

2
7

2
J{—iBzrz +%B—mB—C2 —M}Fz - 0.

Let us transform them to another variable,
x=-Br’/2:

R 1A
dx*  x dx
2 N2
. _l+lB+2mB+2C _l(l/sz) F =0,
| 4 4 Bx 4 X
&', 1dF,
dx*  x dx
_ 2 2
. _l+l B+2mB+2C _1(m+12/2) F,=0.
| 4 4 Bx 4 X

These two equations are related by the simple
symmetry

B=-B, m=>-m, F,=>F,;
so it suffices to solve the equation for F(x):

F(x)=x"e" f(x),
f”+(2A+1+2D]f’+A—jf—le+
X X 4 X

11+2m+2C*/B

+D2f—%f+ f+4 . f=0.

Let us impose the constraints

A+1)D

A =l(l/2—m)2, D? =l,
4 4
in order to have solutions finite at two singular

points, we should use

|m-1/2]

A= D=1/2 (let B> 0).

In this way, we arrive at a simpler equation

C;Zf+(2A+1+x) f

+{(A+lj+l{l+2m+2c2 Hf =0.
2) 4 B

In the wvariable y=-x, we get a confluent

hypergeometric equation

d’f af
L b QA+1—y) L -
Y ( y)dy

L)oo

with parameters
c=2A+1=m—-1/2]+1,

2
—[A+ 1j+—(1+2 +2C j
2
L

_m-1/2[+m+1/2 C

2 ZB 2
The polynomial condition a=-n gives the
following quantization rule
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|m—l/2|+m+l/2+lj

2 2) (3.
n=0,1,2,..

Relevant solutions for the second function F,(z)

C?= —ZB(n +

may be found by using the first order relation
b, F(r)=CF,

_d _m-1/2+Br*/2

-2 T
" dr r

4 Helicity operator
Let us turn to the differential system (2.2) and
try to impose the linear constraints
fi=Afs fo= A
in the case of ordinary Dirac particle, they relate to
diagonalization of the helicity operator. Then,
collecting equations in two pairs we have

—-a,.,Af, (%H}L
+1, {A(k+s)(l—2if/[czj—(%+Mﬂ =0,
a, 2t (%+i}+
+, {(s—k)[l—zif;j—/{%mﬂ ~0,
b, ., Af (;;4—02—1')+
+£ |:A(8_k)[1+2iBTCY2)+f2[;B_MH_MJ:| =0,
=b, /i (ﬁ—ij+

+f2[(s+k)(1+;jj;)+A(m—”—M)}=O.

2M

For consistency, we should expect that both
equations are valid:

A(k+a)(1— iBo )—(”3—“+Mj=

2M* M

=4 (s—k)(l— iBo )—A(”’lﬂwj
2M? oM ’
A(a—k)(lJr chZj+[iB—“— j=
oM ) \om

=—A[(a+k)(l+i(j2)+A(iB—M— H
2M 2M

However, we immediately see that these equations
are different; this means that the above linear
conditions do not agree with the system of four
equations. Therefore, the helicity operator cannot be
diagonalized for this generalized Dirac-like
equation.
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5 Solving the algebraic system, the energy
spectra

Let us turn again to the above algebraic system
(2.3). It is convenient to introduce dimensionless
quantities:

YR VE
then the system transforms to
—(@bu+1) f,+0- f, +
+(E+K)(1-ibo) f; —c(bc+i) f, =0,
0-fi+@bpu-1)f, +c(bc—i)f, +
+(E-K)(1+ibo)f, =0,
(E-K)(1-ibo)f, +c(bc+i) f, -
—(ibp+1)f,+0- f, =0,
—c(bBo—i) f, +(E+K)(1+ibo) f, +
+0- f,+(ibp-1)f, =0,
or in matrix form
E+K)x

—(ibu+1) 0 (1 ibo)

—c(bc +1)

T ESR ||
0 ibu—1 ic(bo l)><(1+ibcs) P

(EZK)x D 0.(5.1)
7 de(bo+i) H(ibp+1 0 3

x(1-ibo) f

A{E+K)x )

—c(bo—1i ) 0 ibp—1

(1+ibc

From vanishing its determinant, we derive

a bi-quadratic equation
2

det 4 =b* [(EZ -K? +cz)cs2 —;,Lz:| +
+(E2 -K*+¢’ —1)2 +b’ {Z(E2 -K*-¢’ +1)M2 +
+2[(E2 -K? +(:2)2 +E*-K*? —cz}cz +

+8(E2 —Kz)cp} =0.
To separate the contribution of the additional
characteristics 1 and o, let us introduce a new
variable x=E*—K*-1+c¢*; when nu=0, =0,
the energy values are given by equation
x=E-K’-1+c’=0 = E*=1+K*-c*>0.
In general case (u#0, c#0), we get the
quadratic equation with respect to x:
2b2 ((5+ M)(—b263 +b’nc’ -3 - u)

2_

<1+b202)2 o
b (o+u) (P’p’ —2b°nc+b’0” —4c” +4) .
+ =Vu.
(1+0°6*)

We readily find its roots
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x=E*-K*—1+c¢*=

b 2 2
=%[(c (p.—cs)b —u—3c)bi

iZ\/(G(cc+u)b2 +c—1)(c5(cc5—u)b2 +c+1)} > 0.

Taking into account for E:
EI,Z = Ei =

[i2b(c+u)\/c2 <1+b2c52 )2 —(bzucs—l)2 +

+<(—02 +K2)G4 +02u2)b4 +

_ 1
1+b%°

-i—((—l—Zc2 +2K2)cr2 —4Gu—u2)b2 - -i—l-i—KzT/2

in the system (5.1), we can find two types of the
wave functions.

6 Numerical study of the spectra

The energy spectra depend in a complicated
way on additional characteristics; for this reason
these spectra should be studied numerically. Let us
write down the values of energies for three sets of
parameters.

In numerical calculations we must make the
changes ¢ —ic, u— iy, they lead to physically

interpretable results. The new parameters o, | are

real. In the paper, complex factors were not added at
the beginning for the reasons of brevity.

Let us calculate the energy values for fixed
values of parameter N, which is determined by the
relation

|m=1/2|+m+1/2 1
=n+ +=
2 2

where m is the value of the third projection of the
total angular momentum. The parameter N enters
into expression (3.1) for the parameter C, which is
quantized due to the presence of the external

magnetic field.

N

>

Table 6.1 — Calculation of energies E,, £ for

Table 6.2 — Calculation of energies £, E_ for
parameters =0, pn=0,02{, K=0,01, 5=0,2,

o,u<<b

N E. E

0 0,996050200 1,004049800
1 1,179258357 1,187258071
2 1,337678165 1,345677943
3 1,479273498 1,487273317
4 1,608482635 1,616482481
5 1,728079742 1,736079608
6 1,839936067 1,847935949
7 1,945384571 1,953384466
8 2,045414598 2,053414503
9 2,140784415 2,148784328
10 2,232090378 2,240090298

For comparing, it has a sense to get similar
table 6.3 for the energies at vanishing additional

parameters:

Table 6.3 — Calculation of energies E,, E_ for

parameters =0, u=0, K=0,01, 5»=0,2,

o,u<<b
N E, E_
0 1,000049999 1,000049999
1 1,183258214 1,183258214
2 1,341678054 1,341678054
3 1,483273407 1,483273407
4 1,612482558 1,612482558
5 1,732079675 1,732079675
6 1,843936008 1,843936008
7 1,949384518 1,949384518
8 2,049414551 2,049414551
9 2,144784371 2,144784371
10 2,236090338 2,236090338

Conclusion

parameters o =0,02i, pn=0,02i, K =0,01,

b=0,2, o,u<<b
N E, E_
0 0,992082273 1,008081729
1 1,175285418 1,191285103
2 1,333702000 1,349701812
3 1,475295037 1,491294929
4 1,604502430 1,620502379
5 1,724098156 1,740098146
6 1,835953352 1,851953373
7 1,941400911 1,957400957
8 2,041430133 2,057430199
9 2,136799251 2,152799333
10 2,228104602 2,244104698
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In the present paper, we have examined the
Dirac-like equation for a spin 1/2 particle with two
additional characteristics, anomalous magnetic
moment p and polarizability & in presence of

external uniform magnetic field. After separating the
variables, we derived the system of four differential
equations in the polar coordinate. It was shown that
the known helicity operator cannot be diagonalized
in the system under consideration. To resolve the
system of equations, we have applied the method by
Fedorov — Gronskiy, which is based on the use of
projective operators related to the third spin matrix
S,. We have constructed two types of the wave
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functions, the corresponding energy spectra are
found in analytical form, these spectra are studied
numerically as well.
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