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On the 7 -decomposable norm of a finite group

V.M. SELKIN, A.A. POBILOVSKY, S.l. ZINCHUK, D.A. YROSHENKO

Let G be a finite group and 7 < P. Then G is called: 7 -decomposable if G =0_(G)xO_(G) ; meta-
7 -decomposable if G is an extension of a 7z -decomposable group by a 7 -decomposable group. We use
N, to denote the class of all finite z -decomposable groups. Let N_(G) be the intersection of the nor-

malizers of the 7z -decomposable residuals of all subgroups of G, thatis, N_(G) = ﬂ N (H N ). We say

H<G
that N_(G) is the 7 -decomposable norm of G. We study the basic properties of the z -decomposable

norm of G. In particular, we prove that G is meta- 7 -decomposable if and only if G/N_(G) is meta-

7 -decomposable.
Kaywords: finite group, = -decomposable group, = -soluble group, = -decomposable residual of a
group, & -decomposable norm of a group.

Iycte G sBisercs koHewHOU rpynmoit u 7 < P . Torna rpynna G Ha3bIBaeTCS: 77 -paznodcumol, eciiu
G =0,(G)x0,.(G) ; mera- 7 -paznoxcumoti ecmn G SBIAETCS PACHIUPEHUEM 77 -PA3JIOKUMOIl TPYMIIBI
no 7 -pasnoxkumoii rpymme. Mbi ucnonmbssyeM N st o60o3HadeHds Kinacca BCeX KOHEYHBIX 1T -

paznoxumeix rpymn. ITyete N, (G) mepecedcHue HOPMAIHM3aTOPOB 7 -Pa3iIOKUMBIX PAJUKAIOB IMOA-

N . .

rpynn rpynnel G: N_(G) = ﬂ Ng(H 7). Msi roBopum, uto N_(G) siBasiercst 77 -pazioscumoi Hopmou
H<G

epynnvt G . Mbl u3ydaem 0a3uCHBIE CBOWCTBA 77 -pa3iokuMoi HopMma rpymmsl G . B wactHocTu, MBI 10-

kaszany, uto G sBisieTcst MeTa- 77 -pasiokHMOil Toraa u Tonsko Toraa, korma G/ N_(G) sBmsiercst mera-

7T -Pa3I0KUMON TPYIIION.
KnroueBble cioBa: KOHEYHass TpyNNa, 7 -pa3jiokuMas TpyIlna, s -pa3pelumasl TIpynma, 77 -
Pa3’I0KUMBIHM paJuKall TPYyIIbl, 77 -pa3iokKuMasi HOpMa TPYIIIbL.

1. Introduction. Throughout this paper, all groups are finite and G always denotes a finite
group. Moreover, P is the set of all primes, 7 <P and 7' =P\ r.

The group G is said to be: x-decomposable (respectively p-decomposable) if
G=0,(G)x0,(G) (respectively G=0,(G)x0,(G)); meta-~ -decomposable if G is an exten-
sion of a 7 -decomposable group by a 7 -decomposable group. We use N _ to denote the class of
all 7 -decomposable groups; N, . is the class of all p -decomposable groups.

Various classes of 7 -decomposable and meta- 7 -decomposable groups have been studied in
many papers and, in particular, in the recent papers [1]-[6]. In this paper, we consider some new
properties and applications of such groups.

If 1e F is the class of groups, then G is the F -residual of G, that is, the intersection of all

normal subgroups N of G with G/ N eF . In particular, G" is the nilpotent residual of G ; G
is the 7 -decomposable residual of G .

Recall that the norm N(G) of G is the intersection of the normalizers of all subgroups of G .
This concept was introduced by R. Baer [7] (see also [8]) and the norm and the generalized norm of
a group has been studied by many authors. In particular, in the recent paper [9] the following ana-

logues of the subgroup N(G) were introduced: (i) S(G) :ﬂngNG(HN); (i) let
1=S5,(G)<S,(G)<---<S (G) <+, where S,,,(G)/S;(G)=S(G/S,(G)) forall i=0,1,2,.... Then

S, (G) =S, (G), where let n is the smallest n such that S (G)) =S, .,(G)).
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The basic properties and some applications of the subgroups S(G) and S_(G) were considered
in [9]. In this paper we consider the following generalizations of the subgroups S(G) and S_(G).

Definition 1.1. Let N_, be the intersection of the normalizers of the 7 -decomposable re-
siduals of all subgroups of G, thatis, N_(G) = ﬂNG(HN”). We say that N_(G) is the 7x-

H<G

decomposable norm of G . If 7 ={p}, we write N (G) instead of N, ,(G) and say that N (G) is
the p -decomposable norm of G.

Definition 1.2. Let

1=N2(G)<NL(G)<N%(G)<---<N"(G) <--,
where
N (G)/N,(G)=N,(G/N,(G)),

for all i=0,1,2,.... And let n be the smallest n such that N =N"". Then we write
N”(G) = N (G) and say that N (G) is the z-decomposable hypernorm of G .

Obviously, N_(G) and N7 (G) are characteristic subgroups of G .

Before continuing, consider the following example.
Example 1.3. (i) Let G = Pr (Qr R), where Qr R is a non-abelian group of order 6 and P is

a simple F(Qr R)-module which is faithful for Qr R. Let o ={{2,5},{2,5}}. Then G every
proper non- 7 -decomposable subgroup H of G is either of the form Vr Q*, where V <P, or of the
form (Qr R)’ for some x,y e G. In the former case we have HM* =V and N, (V) =PQ*=PQ. In

the second case we have ((Qr R)’)"* =Q” and N4 (Q*) =(Qr R)". Moreover,
N(@r R’ =(@r R)s <C(P)=P

yeG
andso N_(G)=1=N7(G).

(if) Let G and o are the same as in (ii). Let A=GxC,. Let B=(Qr R)C,, where C, is a
group of order 2. Then BN~ = Q, C,<N_(A) and N,(@Q)=B<A. Hence
1<N_(A)=C,=N7(G)<G.

Our main goal here is to prove the following results.

Theorem 1.4. For any group G, the subgroup N7 (G) is o -separable.

Theorem 1.5. The group G is meta- 7z -decomposable ifand only if G/ N_(G) is meta- 7z -decomposable.

Theorem 1.6. Suppose that G is p -soluble and all elements of G of order p arein N (G).
If p>2,then | (G)<1.

2. Proofs of the results. First we prove the following facts about the subgroups N_(G) and N7 (G).

Lemma 2.1. If E is asubgroup of G,then N_(G)nE<N_(E).

Proof. First observe that

N.(G)= [Ng(H") < (NG (H"™),
H<G H<E
S0

EAN,(G)=En [Ng(H"")= (INg(H"") = N_(E).
H<G H<E
The lemma is proved.

Lemma 2.2. If N is a normal subgroup of G, then N_(G)N/N <N_(G/N).
Proof. For any subgroup H/N of G/N we have (H /N)N” =H"*N /N . Then for every

xeN_(G) we have xe NG(HN”) ,S0 X € NG(HN”N) and hence xN normalizes (H / N)N” . Thus
N_(G)N/N <N_(G/N). The lemma is proved.
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Lemma 23. If N is a normal subgroup of G and N<N7(G), then
N”(G/N)=N*(G)/N .

Proof. Since N <N*(G), for some i we have N <N'(G).Let N'/N=N'(G/N) forall i=1,2,...,
and let N”/N=NZ*(G/N). First we claim that N*<N'"*(G). Let H/N'(G) be any subgroup of
G/N'(G) and xe N*. Then xN normalizes (H / N)"* = H =N /N , thatis, (H"*)*N /N = H"*N /N and
so (H"7)*N = H"*N , which implies that (H"7)*N' (G) = H"*N' (G) since N <N' (G). But then
(H™)*N' (G)/N' (G)= H"*N' (G)/N' (G) and so xN'(G) normalizes (H /N (G))"~. Hence
xN' (G) e N"(G)/N! (G) = N_(G/N' (G)). Thus N* < N'*(G). Moreover, if N" <N'"(G), then
similarly we can show that N™* < N""(G), so N” <N*(G).

Conversely, N%(G)<N* by Lemma 2.2. And if for some n we have N"(G)<N", then for
every xe N (G) and for every subgroup H/N"(G) of G/N!(G) we as above get that
(HN”)XNQ(G) = HN”N;(G) and so (H"*)*N"=H"*N" and hence xeN™. Thus
N (G)<N™ andso N*(G) < N”.Hence N*(G)= N”. The lemma is proved.

Proof of Theorem 1.4. It is enough to show that N_(G) is 7 -separable. Let X =N _(G).

Then the group X has the following property: the 7 -decomposable residual of every subgroup of
X is normal in X . We show that every group with such a property is 7 -separable. Assume that
this is false and let X be a counterexample of minimal order. Let M be a maximal subgroup of X

and let N =M"~ be the 7 -decomposable residual of M. Then N isnormalin G. If N #1, then
X /N and N are z-separable since the hypothesis evidently holds for X /N and N and so in
this case X = -separable by the choice of X . Therefore every maximal subgroup M of X is 7 -
decomposable and so G is minimal non- 7 -decomposable group. Then G is a Schmidt group by
the Belonogov result [10] and so soluble. This contradiction completes the proof of the result.

Proof of Theorem 1.5. It is enough to show that if G/ N_(G) is meta-z -decomposable, then

also G is meta- 7 -decomposable. Assume that this is false and let G be a counterexample of min-
imal order. Then N_(G) #1.

Let R be a minimal normal subgroup of G . Then RN_(G)/R<N_(G/R) by Lemma 2.2. Moreover,
G/RN_,(G); (G/N_(G)/(RN_(G)/N_(G))eN,
since the class of all meta- 7 -decomposable groups is a homomorph. Therefore the hypothesis holds
for G/ R, so the choice of G implies that G/R is meta- 7 -decomposable. Hence

G /R =G"*R/R; G"*/(G"* AR),
is m-decomposable. Therefore R<G"* and G"* /R is 7 -decomposable. If G has a minimal

normal subgroup N # R, then G /L isalso 7 -decomposable and so G G- I(RNL)is 7-
decomposable and so G is meta- 7 -decomposable, contrary to the choice of G. Therefore R is the
unique minimal normal subgroup of G, so R<N_(G) since N_(G)=1. It is clear also that

R’ ®(G) and so for some maximal subgroup M of G we have G=RM and M, =1. Moreover,

M™M= 21 since G is not meta- 7 -decomposable and R is 7 -decomposable in view of Theorem 1.4
and the inclusion R<N_(G). Now observe that R,< N, (M N”) and so M"* is normal in G .
Hence M, =1. This contradiction completes the proof of the result.

Proof of Theorem 1.6. Assume that this theorem is false and let G be a counterexample of
minimal order.
(1) For every proper subgroup E of G we have | (E) <1.

Let x be an element of E of order p. Then xe N (G)NE <N _(E) by Lemma 2.1. There-
fore the hypothesis holds for E, so | (E) <1 by the choice of G.
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(2) O"(G) =G, so for some normal subgroup V of G we have |G:V |=p.

Assume that O” (G) <G . Then | (O (G)) <1 by Claim (1) and so OF(G)/O, (0" (G)) is
a p’-group, where Op,,p(O”'(G)) is characteristic in O"(G) and hence normal in G. But then
G/O"P(G) isa p’-group and so I,(G) <1. This contradiction completes the proof of the fact that

0" (G) =G and so we have (2) since G is p -soluble.

(3) 0,(G) =1. Hence C;(0,(G)) <O, (G).

Assume that O,,(G) = 1. Then for every element a/ O, (G) of G/O,(G) order p, there is anel-
ement x of G of order p such that a/O,(G)=x/0,(G). Then xeN_ (G), so
al0,(G)=x/0,(G)eN_(G/0O,(G)) by Lemma 2.2. Therefore the hypothesis holds for G /O, (G)
andso 1 (G/0,(G)) <1 by the choice of G . But then | (G) <1, a contradiction. Hence O, (G) =1, so
0, ,(G)=0,(G) . Therefore we have C;(0,(G)) <O, (G) since G is p -soluble by hypothesis.

(4) G is g-nilpotent for every prime g = p.

Assume that this is false and let A be a minimal non- g -nilpotent subgroup of G . Then A isa q-
closed Schmidt group by [11, 1V, Satz 5.4] and, by [12, V, Theorem 26.1], for a Sylow g -subgroup Q of

A we have Q=AN. It is clear that, in fact, Q= A and s Q,(0,(G)) < N4z (Q). Then
Q<C.(,(0,(G))) andso Q <C;(0,(G)) by [11, IV, Satz 5.12], contrary to (3). Hence we have (4).

The final contradiction. From Claim (4) we get that G is p -closed. But then | (G) =1, con-
trary to the choice of G . THis final contradiction completes the proof of the result.
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