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Ilycts G xonewnas rpymmna. Torna G HaseiBaercs rpynnoit Llmupara, eciu G He sBIsieTCs HUIBIIOTEHTHOH, a Bce ee
COOCTBEHHbIE HOATPYINIbl HUIbHOTEHTHHL Iloarpynma M rpymmsl G HasbiBaeTcs MOAymsipHod B G, ecan M sBisercs
MOZYJIPHBIM dIeMeHTOM (B cMbicie Kypomra) pemerku L(G) Bcex moarpynn rpymmsl G, T. e., (i) (X, M NZ)=(X,M)nZ
s Bcex X <G,Z<G rakux uro X <Z, (i) (M, YNZ)y=(M,Y)NZ nna Bcex Y<G,Z<G Ttakux uto M <Z. B
pabote pOKa3bIBaeTCsl, 4TO ecin Kaxnas noarpymnna [lImuara 4 rpynnsl G ¢ A< G’ sBasarcs moayisipHoit B G, torna G
SIBJIICTCSI Pa3peIllMOii IPYIION, U ecnu Kaxast norpymnmna IlImuara rpynms! G SBisieTcs MORYIApHOH B G, TOrja KOMMYTaHT
G' SIBISIETCS HUJIBIIOTEHTOM IPYIIION.

Knrwouegwie cnoga: xoneunas epynna, mMooyiapuas nooepynna, zpynna LLmuoma, kommymanm nooepynnbl, HUIbNOMEHMHAS
epynna.

Let G be a finite group. Then G is called a Schmidt group if G is not nilpotent but every proper subgroup of G is nilpotent. A
subgroup M of G is called modular in G if M is a modular element (in the sense of Kurosh) of the lattice L(G) of all subgroups

of G, that is, (i) (X, M NZ)=(X,M)nZ forall X<G,Z<G suchthat X <Z, and (ii)) (M,YNZ)={(M,Y)nZ for all
Y<G,Z<G suchthat M <Z. In this paper, we prove that if every Schmidt subgroup 4 of G with 4 <G' is modular in G,

then G is soluble, and if every Schmidt subgroup of G is modular in G, then the derived subgroup G’ is nilpotent.

Keywords: finite group, modular subgroup, Schmidt group, derived subgroup, nilpotent group.

1 Main notations

Throughout this paper, all groups are finite and
G always denotes a finite group. Moreover, ©(G) is
the set of all primes dividing the order | G| of G.

A subgroup M of G is called modular in G if
M is a modular element (in the sense of Kurosh [1,
p. 43]) of the lattice L(G) of all subgroups of G,
that is,

G (X, MnZ)y=(X,MynZ for all X <G,
Z <G suchthat X <Z ,and

(i) M,YNZ)y=(M,YynZ for all Y <G,
Z <G suchthat M < Z.

Modular subgroups have a significant impact
on the structure of a group (see, for example, [1]-[7]).

Recall that G is said to be § -critical, § is a
class of groups, if G is not in § but all proper
subgroups of G are in § [8, p. 517]; G is said to be
a Schmidt group provided G is 91 -critical, where 1
is the class of all nilpotent groups.

A large number of publications are related to
the study of the influence on the structure of the
group of its critical subgroups, in particular, Schmidt
subgroups. It was proved, for example, that if every
Schmidt subgroup of G is subnormal, then
G'<F(G) [9], [10], [12]. Later, this result was
generalized in the paper [11], where in particular it
was proved that if every Schmidt subgroup of G is
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o -subnormal in G [13], then G' is o -nilpotent
[13], 14].

In this paper we prove the following result in
this line researches.

Theorem 1.1. (i) If every Schmidt subgroup A
of G with A<LG' is modular in G, then G is
soluble.

(i1) If every Schmidt subgroup of G is modular
in G, then the derived subgroup G' is nilpotent.

2 Proof of Theorem 1.1

A normal subgroup A of G is said to be
hypercyclically embedded in G [1, p. 217] if either
A=1or A#1 and every chief factor of G below 4
is cyclic. We use Z,(G) to denote the product of all

normal hypercyclically embedded subgroups of G. It
is clear that a normal subgroup A4 of G is
hypercyclically embedded in G if and only if
A<Z(G)..

The following two lemmas collect the
properties of modular subgroups which we use in
our proofs.

Lemma 2.1 [1, Theorem 5.2.5]. If M is a
modular subgroup of G, then

M®IM,<Z,(GIM,).

Lemma 2.2 [1, p. 201]. Let A, B and N be
subgroups of G, where A is modular in G and N is
normal in G.
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(1) If B is modular in G, then (A,B) is
modular in G.

(2) AN/ N is modularin G/ N.

(3) Nis modular in G.

(4) If AL B, then A is modular in B.

(5) If ¢ is an isomorphism of G onto G, then

A° is modular in G.

(6) If N<B and B/ N is modular in G, then
B is modular in G.

(7 If A is a maximal subgroup of G, then
|G/ A; | divides pq for some primes p # q.

Lemma 2.3 [15, III, Satz 5.2] or [16, VI,
Theorem 24.2]. If G is a Schmidt group, then
o(G)={p,q} for some primes p#*q and
G =PxQ, where P=G" is a Sylow p-subgroup of
G and Q={(x) is a cyclic Sylow g-subgroup of G.
Moreover, {(x*) < D(G) and P is of exponent p or
exponent 4 if P is a non-abelian 2-group.

Recall that if 4 and B are subgroups of G such
that G = 4B, then B is said to be a supplement to
Ain G. If B is a supplement to 4 in Gbut AL<G
for every proper subgroup L of B, then B is called
a minimal supplement to 4 in G.

Proof of Theorem 1.1. (i) Assume that this
assertion is false and let G be a counterexample of
minimal order.

(1) If E is a proper subgroup of G, then E is
soluble. Hence G' = G.

Let 4 be any Schmidt subgroup of E such that
A<E' Then E'<G', so A is modular in G by
hypothesis. Therefore 4 is modular in £ by Lemma
2.2 (4). Hence the hypothesis holds for E, therefore
E is soluble by the choice of G. Finally, note that
G'=G since otherwise G’ is soluble and so G is
soluble, contrary to the choice of G.

(2) If N is a minimal normal subgroup of G,
then G/ N is soluble.

If G/ N is nilpotent it is evident, it is evident.
Now assume that G/ N is not nilpotent, and let
E/N be any Schmidt subgroup of G/ N . Let H
be a minimal supplement to N in E.Then

H/(HNN)~HN/N=E/N
is a Schmidt group and H "N < ®(H) by [16, 11,
Lemma 11.3]. Let ® =®(H) and 4 be a Schmidt
subgroup of H. Then A< G'=G by Claim (1), so
A is modular in G by hypothesis.

Lemma 2.3 implies that
(H/(HNN))/®(H/(HNN))=
=(H/(HNAN)/(®/(HNAN)~H/Dd=PxQ,
where P is a Sylow p-subgroup and QO is a Sylow
g-subgroup of H/® with | Q|= ¢, for some primes

p#q. It follows, again by Lemma 2.3, that
— — A
A=A4,xA4, where A=(4)". Then A £,
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since @ is nilpotent. Therefore ®4, /@ is a Sylow
g-subgroup of H/® and so
(@4, /DY = (Aq)HCD/CD =H/O.
Hence (4,)" =H, so E=HN =(4,)" N. By
Lemma 2.2 (1), (4,)" = A" is modular in G and

hence E/N=(4,)"N/N is modular in G/R by

Lemma 2.2 (1) (2). Therefore the hypothesis holds
for G/N, so the choice of G implies that we
have (2).

(3) G is soluble.

In view of Claims (1) and (2), it is enough to
show that G is not non-abelian simple group.
Assume that this is false and let 4 be any Schmidt
subgroup of G. By hypothesis, 4 is modular in G
since G =G' by Claim (1). On the other hand, G is
a non-abelian simple group. Hence A4, =1. But then
1< 4% and every chief factor of G below 4° is
cyclic by Lemma 2.1. Hence G is not non-abelian
simple group, a contradiction. Thus we have Claim
(3). Therefore Statement (i) holds.

From now on, we suppose that every Schmidt
subgroup of G is modular in G. We show that in this
case the derived subgroup G’ is nilpotent. Assume
that this is false and let G be a counterexample of
minimal order.

@) If V is a proper subgroup of G, then
V'< F(V) (see the proof of Claim (2)).

(5) If N is a minimal normal subgroup of G,
then (G/ N) < F(G/ N) (see the proof of Claim (1)).

(6) R % D(G) and for some prime p we have
R=C4;(R)=0,(G)=F(G). Moreover, |[R[>p
and for some maximal subgroup M of G we have
G=RxM.

First note that for some prime p we have
R<0,(G) by Claim (3). Claim (5) implies that the
derived subgroup

(G/R)=GR/R~G'/(G'"R)
of G/R is nilpotent. Suppose that G has a minimal
normal subgroup L#R. Then G'/(G'NL) is
nilpotent. But then
G'~G/1=G"/(G'NnR)N(G'NL))=
=G'/(RNL)
is nilpotent, contrary to the choice of G. Therefore
R is the unique minimal normal subgroup of G and
R <G'. Moreover, R % ®(G) since otherwise G’
is nilpotent by [8, Chapter A, Lemma 13.2]. Hence
R=C,(R)=0,(G) by [8, A, 15.6(2)]. Finally,
note that R is not cyclic since otherwise the group
G/C,(R)=G/R=G/F(G)
is cyclic, a contradiction. Hence we have (6).

(7) M ~G/R is nilpotent. Hence R is a

Sylow p-subgroup of G.
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Assume that M is not nilpotent and let H be
any Schmidt subgroup of M. Then H is modular

in G. It is clear also that H, =1, so H° <Z,(G)
by Lemma 2.1, that is, every chief factor of G
below H¢ is cyclic. But R < H° by Claim (6) and
hence R is cyclic, contrary to Claim (6). This
contradiction shows that M ~ G/R is nilpotent.
Then O,(M)R<0,(G)=R. Hence O,(M)=1, so
Claim (7) holds.

(8) M is a Miller-Moreno group (that is, M
is not abelian but every proper subgroup of M is
abelian). Moreover, M is a q-group for some prime
q#p.

First note that M is a Hall p’-subgroup of G
by Claims (6) and (7).

Now, let S be any maximal subgroup of M.
Then RS/ F,(RS) is abelian by Claim (4). In view
of Claims (6) and (7), R=(RS)" and hence
S~ RS/R is abelian. Therefore the choice of G
implies that M is either a Schmidt group or a
minimal non-abelian group of prime power order

q‘. But in the former case we have
|G:M |=p=R| by Lemma 2.2 (7), contrary to
Claim (6). Thus we have (6).

Final contradiction for (ii). In view of Claim
®), ZIM)YNDdM)=#1. Let Z be a subgroup of
order g in Z(M)N®(M) and let E=RZ. Then
E is not nilpotent by Claim (6). On the other hand,
R=R x---xR,, where R, is a minimal normal
subgroup of E for all k=1,...,t by Mashcke’s
theorem. Hence for some i the subgroup R xZ 1is
not nilpotent, so this subgroup contains a Schmidt
subgroup 4 of the form A= 4, % Z.

Suppose that 4 <E. Then [4,[<|R| and
A, =1. Hence 1< 4° < Z,(G) by Lemma 2.1. But

then R< A and so R is cyclic by Lemma 2.1,
contrary to Claim (6). Therefore A=E, so R=4,
and Z acts irreducibly on R. Since Z <D(M),
every maximal subgroup of M acts irreducibly on
R, which implies that every maximal subgroup of
M is cyclic. Hence ¢ =2 and so | R |= p, contrary
to Claim (6). O
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