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Introduction
Nonlinear wave equations of the form

(8f - azai Yu(t,x) = f(t,x,u(t,x))

following equation
(at + alax )(6t - a26x )u(t’ 'x) = f(t! x’“(t! x))»
which will be studied in the present paper.

appear in many applications, including the propaga-
tion of spin waves in liquid *He, the propagation of
resonant light pulses in a medium with atoms having
degenerate energy levels [1], the quantum field the-
ory [2, 3], rapidly rotating baroclinic fluid [4], su-
perconductors [4], Bloch-wall motion, the propaga-
tion of a crystal dislocation [5]. It demonstrates the
importance of studying mixed problems for the
nonlinear wave equations. The simplest generaliza-

tion of Eq. (07 —a’d>)u(t,x) = f(t,x,u(t,x)) is the

© Korzyuk V.I., Rudzko J.V., 2026

1 Statement of the problem
In the domain Q = (0,0)x(0,%) of two inde-
pendent variables (7,x) € 0 « R?, consider the one-
dimensional nonlinear equation
(0, +a,0,)(0, —a,0 Ju(t,x) = f(t,x,u(t,x)), (1.1)
where a, >0, a, >0, and fis a function given on
the set [0,00)x[0,0)xR. Equation (1.1) is equipped
with the initial conditions
77
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u(0,x) = o(x), 0,u(0,x)=y(x), xe[0,), (1.2)
and the boundary condition
u(t,0) = (), t<[0,), (1.3)
where @, vy, and p are functions given on the half-
line [0, o).
We call Eq. (1.1) a semilinear wave equation

with a mixed derivative, because its principal part is
of the form:

(at +a16x )(6t _a26x) = atz + (al _az)arax _alaZGia

2 2
where terms 0, and -g,a,0

x

correspond to the
terms 0, and —a’d> of the classical wave equation,
respectively, and the term (a, —a,)0,0, corresponds

to an additional mixed derivative.

In the case a, =a, problem (1.1)—(1.3) was
considered in [6]-[9]. Mixed problems for Eq. (1) in
the linear case, i.e., f(t,x,u)=F(,x)+q(t,x)u,
were considered in [10]-[13].

2 Linear homogeneous equation
First, we consider problem (1.1)—(1.3) when

f(t,x,u)=0. 2.1
We find the solution to problem (1.1)—(2.1) using
the method of characteristics. The general solution
to Eq. (1.1) with (2.1) is given by the formula:
u(t,x)=g (x—at)+g,(x+a,t). (2.2)
To define the solution of problem (1.1)—(2.1) on the
set O, the functions g, and g, must be defined for
all real numbers and nonnegative real numbers, re-
spectively. Substituting (2.2) into the Cauchy condi-
tions (1.2) yields the following system of equations:
8 (X)+ g, (x) = o(x),
—a,g,(x)+a,g,(x)=y'(x), xe[0,0),
which has the following solution (see source [14] for
an algorithm to solve this system):

a,p(x C 1 7
an=220__ € 1 [yie @3
a+a, a+a, a-+a,;
xe[o’w)’
Q=200 [y, 24)
20

a+a, a+a, a+
x €[0,00),
where C is an integration constant.

We can use the boundary conditions (1.3) to
define the function g, for negative values of the

argument. Substituting (2.2) into the boundary con-
ditions (1.3) yields the following representation:

& (_alt) +g, (azt) = (),
which implies

g =-g, {—ﬂjw[—f} x € (=0,0]. (2.5)

a |
Combining (2.5) with (2.3), we get
78

[ azxj

4,0\ -

a

gl(x)zu(_ij_—l_
al

_&X

¢ ! fl y(z)dz, x € (—»,0]. (2.6)

0

Formulas (2.3), (2.4), and (2.6) imply that

a,0(x —at) +a,p(x —a,t) n

a +a, a +ta,

u(t,x) =
al + az

+ [ vz ¢0ed”, @7

a] +a2 x—ayt
alq{az {t _ij
a
u(t,x)=u(t—ij+a‘q)(“azt)— 2
al al +a2 al +a2
xX+at I

[ v, 60e0?,  @8)

a t+a, . [tfl]

where QY ={(t,x): (t,x) € O A(-1)/ (a,t —x) > O},
j=12.

Now, let us analyze the smoothness of the con-
structed solution. Under the smoothness conditions

¢ € C*([0,0)), yeC'([0,0)), and pe C*([0,0))
the function u defined by formulas (2.7) and (2.8)
belongs to the classes C*(Q") and C*(Q?). Thus,

this function u belongs to the class C’ (é) if and
only if the following conditions are met:

070 u(t,x = at —0) = 00" u(t,x = at +0), (2.9)
p,k=0,1,2, 0< p+k<2.

Substituting (2.7) and (2.8) into conditions (2.9), we
obtain the following equalities:

1(0) = (0), (2.10)
'(0) = w(0), (2.11)
W(0) = ~a,y'(0) + a,y'(0) + 4,a,9"(0). (2.12)
Thus, we have proved the following assertion.

Assertion 2.1. Let the conditions be satisfied

9 C*([0,0)), yeC'([0,0)), peC*([0,00)).
The first mixed problem (1.1)-(2.1) has a unique
solution u:Q+> R in the class C*(Q) if and only

if conditions (2.10)—(2.12) are satisfied. This solu-
tion is determined by formulas (2.7) and (2.8).
Proof. 1. The existence of the solution follows
from the construction. 2. The uniqueness of the solu-
tion follows from the rigorous justification of each
step in the construction process. O

3 Linear inhomogeneous equation
Now consider Eq. (1.1) with

f(t,x,u)=F(t,x), 3.1
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where F is some function given on the set Q.

According to Duhamel’s method [14], we seek
a solution to problem (1.1)—(1.3) and (3.1) in the
form u_, _ =u+v, where u is a solution to problem

inhom

(1.1)~«(1.3) and (3.1) for F =0 and v is determined
in terms of the function

©:[0,00)x[0,00)x[0,00) 5 (£, T,x) = (£, T, x) € R
by the formula

v(t,x) = j.(u(t -1,7,X)dT. 3.2)

where the function o solves the following problem:
(0, +a,0,)0, —a,0,)o(t,t,x)=0, (t,x)eQ,
o(0,7,x) =0, 0,0(0,7,x) = F(1,x), xe[0,0),
o(?,7,0) =0, ¢<€[0,0).
According to Section 2, the function ® has the
following form:

xX+ayt

o(t,7,x) = [ Fr2)dz, (100", (33)
1 a2 x—ayt
o(t,7,x) = [ Fodz, t.x)0®.(G4)
a] + Clz . [,,l)

So, according to formulas (3.2)—(3.4), the function v
takes the form

t x+ay(1-1) -
v(t,x) = Idr J F(t,2)dz, (t,x)eQ",
al +aZ 0 x—a(t-1)
' x+a, (1-7)
w(t,x) = jdrj F(t,z)dz +
a] + a2 Fi xfal(tf':)
1 ti(‘Tl x+a2(t71) -
+ dt F(t,z)dz, (t,x)eQ%.

t———1
@

a,+a, | ( ; ]
Thus, we have constructed the solution to problem
(1.1)~(1.3) and (3.1) in the form

a,(x—a,t)+a,p(x —a,t) N
a +a,

u(t,x) =

l xX+at

jw@ﬁ+

—at

+

a +a, .

t x+a, (f—t) .
dt j F(t,2)dz, (t,x)e0", (3.5)

x—a(t-7)

+

a1+a2 0

w15 | G0Gra)
’ a1+a2

a

X
a4,0| a, t_; 1 X+ast
1

+ j y(z)dz +
al +Cl2 al +Cl2 az(tfi)

a
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1 ! x+ay(1-1)
jdrj F(t,z)dz +

X xa(tT)
aq

+

a +azl

s
! fdr [ Fodz (.x)e0?. (3.6)
a+a, j . (17171)

aq

x+ay(t-t)

+

Now, let us analyze the smoothness of the con-
structed solution. Under the smoothness conditions

FeC(0), ¢eC([0,0), weC'([0,»), and
pe C*([0,00)) the function u defined by formulas
(3.5) and (3.6) belongs to the classes C* (@) and
c? (F). Thus, this function u belongs to the class

C?(0) if and only if conditions (2.9) are met. Sub-
stituting (3.5) and (3.6) into conditions (2.9) yields
(2.10), (2.11), and
1'(0) = F(0,0)~ 4,y'(0) + a,y'(0) + 4,a,0"(0). (3.7)
The following assertion holds.
Assertion 3.1. Let the conditions be satisfied
FeC Q) 9eC*([0,0), v eC'([0,0)),
e C*([0,00)).
The first mixed problem (1.1)—(1.3) and (3.1) has a
unique solution u:Q R in the class C*(Q) if

and only if conditions (2.10), (2.11), and (3.7) are
satisfied. This solution is determined by formulas
(3.5) and (3.6).

Proof. 1. The existence of the solution follows
from the construction. 2. Let us prove the unique-
ness. Assume that problem (1.1)—(1.3) and (3.1) has

two solutions, namely, u"” and . Denote

U =u" —u®. Then the function U solves the fol-
lowing problem

0,+a0,)0,—a,0)U(t,x)=0, (t,x)Q,
U(t,x)=0,U(t,x)=0, xe€[0,0),
U(t,00=0, te[0,0). (3.8)
According to Assertion 2.1, problem (3.8) has a

unique solution U =0. Thus, " =u'” and the
uniqueness is proved.

4 Integral equation

Under certain smoothness and matching condi-
tions, it turns out that the classical solution to prob-
lem (1.1)—(1.3) is equivalent to the solution to two
coupled integral equations. The following theorem
addresses this equivalence.

Theorem 4.1. Let the conditions be satisfied

[ eC(OxR), ¢eC?([0,2)),

y € C'([0,2)), peC*([0,%)).
The function u : O R belongs to the class C* (0)
and satisfies Eq. (1.1) with conditions (1.2) and (1.3)
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if and only if it is a continuous solution of the
following coupled integral equations

a,(x—a,t)+a,p(x —a,t) N

u(t,x) =
a, +a,
l xX+at
+ .[ y(2)dz +
al +a2 x-ajt
t x+a2(tfr)
4 dt J F(t,z,u(t,2))dz, (4.1)
a ta,, x-a (1-7)
(t.x) 0",
+a,t
u(t,x) = u[t—iJ+—a‘(p(x %l _
a, a, +a,
X
a1(\0{a2 (t _aJJ 1 x+ayt
_ Ly j y(z)dz +
a, +a, 4t [f-i)
1 P x+a, (1-7)
+ [de [ F(rzu2)d~+
a] + a2 ’71 xfal(tf':)
. Tu rray(i-7)
" dt I F(t,z,u(t,2))dz, (4.2)

al—i—az 0 [ . ]
a| t——1

(t.x) € 0%,
and the matching conditions (2.10), (2.11), and
n'(0) = £(0,0,9(0)) —a,y'(0) +
£ ay'(0)+,0,9"(0) 43)
are satisfied.
Proof. 1. Let a function u € C*(Q) satisfy Eq.

(1.1) and conditions (1.2), (1.3).

We will use the scheme proposed in [8] to de-
rive the matching conditions (2.10), (2.11), and
(4.3). By differentiating the initial and boundary
conditions, we find that

0,u(0,x) = ¢'(x), 0,u(0,x)=0"(x),
0,0 u(0,x) =y'(x), xe[0,0), 44
o,u(t,0)=W(t), o’u(t,0)=n"(t), t€[0,0). (4.5)
Thus, we have the following:
u(0,0) = u(0), 9,u(0,0) = p'(0),
2’u(0,0) = u"(0), (4.6)
u(0,0) = o(x), 0,u(0,0) =wy(x). 4.7

Formulas (4.6) and (4.7) imply conditions (2.10) and
(2.11). From Eq. (1.1) we find the quantity

d2u(t,0), namely,
07u(t,0) = £(0,0,u(0,0)) ~a,0,0,u(0,0) +
+a,0,0 u(0,0) + a,a,0°u(0,0). (4.8)

Substituting (4.4), (4.6), and (4.7) into (4.8) yields
condition (4.3).
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We seek the expression for a solution to prob-
lem (1.1)—~(1.3) in the form u =v+w, where v is a

solution to the problem
(0, +a,0,)0, —a,0 )v(t,x)=0, (t,x)eQ,
v(0,x) = @(x), 0,v(0,x)=y(x), xe[0,0),
v(t,0) = u(2), t[0,0),
and w is a solution to the problem
(6, +a,0,)(0, —a,0, )w(t,x)= f(t, x,(v+w)(t, x)),
(t,x)e 0,
w(t,x) =0,w(t,x) =0, xe[0,0),
w(t,0)=0, te€[0,0).
Then, the results of Assertion 3.1 allow us to write
formulas (4.1) and (4.2).
2. Suppose that the function u can be repre-

sented as (4.1)-(4.2) and the conditions (2.10),
(2.11), and (4.3) are satisfied. Due to the smoothness

conditions feC(OxR), ¢ € C*([0,0)),
vy € C'([0,0)), and p e C*([0,0)), similarly to [6],

we conclude that u eCZ(E) and ueC’ (E)

Substituting (4.1)—(4.2) into Eq. (1.1) and conditions
(1.2), (1.3), we verify that the function u satisfies

Eq. (1.1) in each of the subdomains O and Q?,

and the initial and boundary conditions everywhere.
In order for the function u to belong to the class

c? (é), it is necessary and sufficient that equalities
(2.9) be satisfied. For this, it suffices to satisfy con-
ditions (2.10), (2.11), and (4.3), as can be deduced
from the representations (4.1) and (4.2), and to act
exactly according to the algorithm described in [6],
[8]. The proof of the theorem is complete.
Theorem 4.2. Let the conditions be satisfied
[ eCOxR), ¢eC([0,0)), y e L, ([0,0)),
e C([0,0)),
and let the function f satisfy the Lipschitz condition

with a function Le L, (O) with respect to the third

variable, i. e, |f(t,x,2)~ [(t,x,w)| < L(t,x)|z .
Then there exist unique solutions of Egs. (4.1) and

(4.2) in the classes C(Q") and C(Q™), respec-

tively, and these solutions continuously depend on
the source data.

Proof. The proof of the theorem will be carried
out by the scheme set forth in [6], [8], [15] (in com-
plete form) and in [14], [16] (briefly).

To be definite, consider Eq. (4.1). It will be
solved by the successive approximation method. Set

G(t, x) — az(P(x - alt) + al(p(x_ azt) +

a] + a2
1 X+ayt
+ j v(z)dz.
a+a; S,

Take the initial approximation u'”(z,x)= G(t,x),

Ipo6remvr usuxu, mamemamuku u mexuuxu, Ne 1 (66), 2026
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(t,x) e E Then every subsequent approximation
will be calculated by the formula
u™(t,x) = G(t,x)+

| L el .
" al + az ‘([dr.r*a;[t—r)F<T’ = (T’ Z))dz’ (49)

t,x) eV, m=1,2,...

Let us establish the estimates for the successive
approximations. Let

Q,, =Conv4(0,0),(0,m), ~ ,ﬂ )
a,+a, a +a,
Am = "L"LZ(Q,”) » M= 1’ 2’

Then |u(” ¢, x)—u"(, x)| <

|u(2) (t,x) —u“)(t,x)| <
t X+a2(t71)

. '([dr J F(r,z,u“)(r,z))dz—

<

x—a(t-1)
1 t x+ay(t-t) o
ta ‘([dr '[ F(r,z,u (T, Z))dZ

<

x—a;(1-7)

x+a,(t-1)

1 t
| drxa:[”)‘F(r, z,uV (1, z))—

<

—F(‘E, z,u'”(t, z))‘ dz <

¢ x+ay(1-1)
< Idr j L(r,z)|u(”(t,z)—u(o)(r,z)|dz <
al + aZ 0 x—a(t-1)
l t )C+az(l*t)
< .[dT j L(t,z)Mdz <
a] + aZ 0 x—a(t-1)
1 t x+a2(17‘r) t x+az(tf'c)
< jdr [ raad |[de | Mad:<
a,+a, x—ay(t-1) 0 x—a(t-1)
A Mt

< , t,x)eQ,, m=12,...

\/_ 2.\a +a,
In what follows, by induction in which the last ine-
quality is chosen as the base case, one can readily
prove the estimate

A Mt

Jei(a, +a,)"”’

(t,x)eQ,, m=12,...

|u(i+l)(t, x)—u(i)(t,x)| < (4.10)

Note that
m—=1
u™ (t,x)=u(t,x)+ (u(”l) (t,x)—u(z, x)).
i=0

The estimate (4.10) implies the absolute and uniform
convergence of the series

u (t,x) =u'® (t,x)+ Z(u(”” t,x)—u (¢, x)),
i—0

on the set Q for any m >0, since its terms are

Problems of Physics, Mathematics and Technics, Ne 1 (66), 2026

majorized in magnitude by the terms of the uni-
formly converging series

> A'M'
e

1 a +a

Thus, the successive approx1mat10ns by the
continuous functions u' uniformly tend on the set

Q,, to a function u” :Q, > R continuous in Q

m?2

and, by virtue of arbitrariness of m and the fact that
Je,=0", to a function ™ :0" R, con-
m=1

tinuous in Q. Passing to the limit as m — o in

()

(4.10), we conclude that the function u*™ is a solu-

tion of Eq. (4.1) on the set E

Let us prove the uniqueness of the solution of
Eq. (4.1) by contradiction. Let Eq. (4.1) have two
solutions, u, and u,. Denote U =u, —u,.

Then
t x+az(17‘c)
Ult,x) = dt j F(1,2,u,(t,2))dz

al +a2 0 x—a(t-1)

' +a,(1-1)
j F(t,2,u,(1,2)) dz, (4.11)
al ta, v a(t-1)
(t,x) e Q(l).

The function U is continuous, and hence
U,x)|<M,,
where M,

tion (4.11) in view of the Lipschitz condition and the
Cauchy — Bunyakovsky — Schwarz inequality that

1 t x+a2(tf‘r)
jdr j I*(t,2)dz x
1T \%

under the condition (z,x)eQ, ,

is some constant. It follows from rela-

U (t,x)| <

x—a (tfr)

.f[ /\+L12.fl T) t
x [|dt M}, dz <
0 x—a(t-7) \/_\Ial +a2
(t,x)eQ,, m=1,2,...
By induction, we arrive at the estimate
A Mt
U] s =

(21)!(511 + az)
for any positive integer i and any pair (¢,x)€Q,,
m=1,2,... It follows that U =0 on the set Q ,

and since m is arbitrary and | JQ, =0", we have

m=1
U =0 on the set Q. This proves the existence of
a unique continuous solution of Eq. (4.1).

To prove the continuous dependence of the
solution on the initial data, along with Eq. (4.1),
consider the perturbed equation

(u+Au)(t,x)=(G+AG)(t,x)+
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x+c12(t—t)
dt j F(t,2,(u+Au)(t,2))dz, (4.12)

x—a(1-1)
(tx)e0”,
and the difference of the perturbed equation (4.12)
and the unperturbed equation (4.1),
Au(t,x) =AG(t,x)+

1 ' x+ay(1-1)

" !dr j F(t,2,(u + Au)(t,2) ) dz

1 t

a1+a2 0

+

+

x—ay(1-7)

1 t
.[d T

(ll + az 0 )

)
j F(t,2,Au(t,2))dz, (4.13)
v—ay(t—7)
(t,x)e Q"
For Eq. (4.13) for the disturbance Au, one has the
following estimate of the disturbance modulus:
Au(t,x) < AG(t,x)+

t x+a,(1-1)

Idr L(t,z)Au(r, z)dz.
a,+a,

+

x—a(t-1)
Applying the multidimensional Gronwall lemma
[17, Ch. 13] to the preceding inequality, we obtain
o -
|Au(t,0)| < V|G, ,» @0)eQ,, m=12,.,
where C" is some positive constant depending only
on the set Q , the function L, and the numbers ¢,
and a,. It follows from the resulting inequality that
q|

taken, the perturbation of the solution satisfies the
inequality |Au(f,x)|<8=C" on the set Q,,

however small the perturbation AG, g, 1is

c@,

m=1,2,... Since m is arbitrary and UQm =0Y,
m=1

we conclude that the solution u to Eq. (4.1) con-

tinuously depends on the source data.

The existence of a unique continuous solution
of Eq. (4.2), which continuously depends on the
source data, can be proved in a similar way. The
proof of the theorem is complete. O

5 Classical solution
The main results of this paper are presented be-
low: the existence and uniqueness of a classical so-
lution to problem (1.1)—(1.3).
Theorem S.1. Let the conditions be satisfied
/ €C(OxR). ¢&C*([0,),
y € C'([0,%)), peC*([0,0)),
and let the function f satisfy the Lipschitz condition

with a function L € L, (Q) with respect to the third

variable, i. e., |f(t,x, z)— f(t,x, w)| < L(t, x)|z - w|.
The first mixed problem (1.1)~(1.3) has a unique solu-
tion u:Q >R in the class C*(Q) if and only if
conditions (2.10), (2.11), and (4.3) are satisfied. This
solution is determined by formulas (4.1) and (4.2).
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The proof follows from Theorem 4.1 and 4.2.

6 Mild solution

Now consider problem (1.1)—(1.3) for the case
in which the functions p, ¢, vy, and f do not have a
sufficient degree of smoothness.

Definition 6.1. We call a function u represent-
able in the form (4.1) and (4.2) a mild solution of
problem (4.1)—(4.3).

Remark 6.1. Any classical solution of problem
(4.1)—~(4.3) is also a mild solution of this problem.

Remark 6.2. 1t is also obvious that if the addi-

feC(OxR),
¢ € C*([0,0), yeC'([0,%)), and peC*([0,0))
are satisfied, as well as the matching conditions
(2.10), (2.11) and (4.3), then the mild solution of
problem (1.1)—(1.3) is classical.

The following assertion holds.
Theorem 6.1. Let the conditions be satisfied

f eC(OxR), ¢eC([0,0)),
W € Llloc ([0’ OO)), H- S C([O, OO)),
and let the function f satisfy the Lipschitz condition

with a function L € L, (Q) with respect to the third

variable, i. e., |f(t,x, z)— f(t,x, w)| < L(t,x)|z—w|.
The first mixed problem (1.1)~(1.3) has a unique
mild solution u:Q+ R in the class C(Q), where
0=0\{(t.a1):1€[0,0)}.

The proof follows from Theorem 4.2.

The smoothness of a mild solution to problem
(1.1)—(1.3) can also be increased if the matching

condition (2.10) is true.
Theorem 6.2. Let the conditions be satisfied

f€C(OxR), ¢eC([0,%)),
y € L, ([0,%)), pe C([0,)),
and let the function f satisfy the Lipschitz condition

with a function L e L, (O) with respect to the third

variable, i. e., |f(t,x, z)— f(¢,x, w)| < L(t, x)|z - w|.
The first mixed problem (1.1)~(1.3) has a unique
mild solution u:Q+> R in the class C(Q) if and
only if condition (2.10) is satisfied.
Proof. In view of (4.1) and (4.2), we derive
u(t,x =at—0)—u(t,x = at+0) = n(0) — ¢(0).

tional smoothness conditions

Since the constructed mild solution belongs to the
class C(Q), it also belongs to the class C(Q) if and
only if pu(0)—@(0) = 0. It proves the theorem.

The following theorem further improves the
smoothness of the mild solution.
Theorem 6.3. Let the conditions be satisfied

feC(OxR), ¢eC'([0,%)),

v € C([0,0)), peC'([0,00)),
and let the function f satisfy the Lipschitz condition
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Classical and mild solutions of the first mixed problem for a semilinear wave equation with a mixed derivative

with a function Le L, (Q) with respect to the third
variable, i. e., |f(t, x,z)— f(t,x, w)| < L(t, x)|z - w|.
The first mixed problem (1.1)~(1.3) has a unique
mild solution u:0 > R in the class C'(Q) if and

only if conditions (2.10) and (2.11) are satisfied.
Proof. In view of (4.1) and (4.2), we derive that

ueC'(Q) under the smoothness conditions
feC(OxR), ¢eC'([0,0), yeC([0,0), and
1 e C'([0,00)). Thus, this function u belongs to the
class C'(Q) if and only if the following conditions

are met:
0ro'u(t,x = at—0) = 070 u(t,x = at +0), (6.1)
p.k=0,1, 0<p+k<1.

Substituting (4.1) and (4.2) into conditions (6.1), we
obtain equalities (2.10) and (2.11). The proof of the
theorem is complete. O

Conclusions

In this paper, we derive the necessary and suf-
ficient conditions for the existence of a unique clas-
sical solution to the first mixed problem in a quarter-
plane for a semilinear wave equation with a mixed
derivative. When the initial and boundary data are
not sufficiently smooth, we construct a mild solution
to the initial problem and prove its uniqueness.
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