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AHHoTanus. B nanHoii paboTe Bce rpymmsl KoHeuHbI, G Bcerga 0o003HaYaeT KOHEUHYIO IpyHIy. G -Ilapoil HaspiBaeTcs
Besikas mapa 6,3, rae o={c,|iel={0} U]} — HekoTopoe pa3dMEHHE MHOXECTBA BCEX IPOCTBIX YMCET U I — HOJHBIIL
(B cMmbicie Bwumamara) kmacc G, -TpyNI, COICpXKAIIUMM Bce paspelIuMble G, -Ipynmel. [pynmma G Ha3bIBaeTCs:
(i) o, -mpumapHO#, eci G ABISIETCS G, -TPyINION 11 Hekotoporo i€/ m GeJ, ecmm i =0; (ii) O, -HUIBIOTEHTHOM, ecin
KaxJplii rnaBHBIA (Qakrop H /K rpymnel G sBuseTcs GO -HEHTPalnbHBIM B G, T.€. MONYNpsAMOE IPOHM3BEICHUE
(H/K)x(G/C,(H/K)) sBnsercs o -npuMaphbiM; (iii) O -pa3pelmmMoii, eciu KaxIbli riaBHbIA (akTop rpymmsl G
SIBJIAETCS O -npuMapHbIM. Ilon G -CBONMCTBOM IpyNIbl Mbl NOHMMAaeM J11000€ U3 e€e CBOWCTB, 3aBHCslEe OT Gy H HE
HoipasyMeBaloliee HUKaKuX OrpaHM4YeHni Ha ©5. B mannoi# paboTe MBI pazpabaTeiBaeM HOBBIN acCleKT TEOPUH G -CBOKCTB,
CBSI3aHHBIH C NMPUIOKEHHAMH G -TIap. B WacTHOCTH, Ha MHOXKECTBE BCEX G -IIAp MBI ONpejesieM YaCTHYHBIN MOpSAAOK <
U JIOKa3blBaeM, 4TO €CIIU 2:{0{;" |jeJ} — MHOXECTBO BCEX O, -lap TAaKMX, 4TO Kaxxaas rpynma B X  sBsercst
G{;‘/ -HUJIBIOTEHTHOH (COOTBETCTBEHHO, G{;‘/ -pa3pemnMoil) A1 BCEX j, TO OTHOCHTEIBHO < CYIIECTBYeT HaMMEHBIIUH

3JICMCHT B X.
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Abstract. In this paper all groups are finite, G always denotes a finite group. A o -pair is any pair ©,3, where
o={o,|iel={0} Ul c N} issome partition of the set of all primes and J is a complete (in the sence of Wielandt) class of
G, -groups which contains all soluble o, -groups. A group G is said to be: (i) o -primary provided G is a o, -group for some
iel and Ge3J if i=0; (ii) o -nilpotent if every chief factor H /K of G is o5 -central in G, that is, the semidirect
(H/K)x(G/C,(H/K)) is o -primary; (iii) o, -soluble if every chief factor of G is o, -primary. By a o -property of a
group we mean any of its properties, that depends on & and which does not imply any restrictions on 5. In this paper, we
develop a new aspect of the theory of o -properties related to applications of o -pairs. In particular, on the set of all o -pairs

we define a partial order < and we prove that if £ = {cg, | jeJ} is the set of all o -pairs such that every group in X is

. -nilpotent (respectively, o/ -soluble) for all j, then with respect to < there exists the least element in =.
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Introduction following Wielandt [1], that a class of groups § is
Throughout this paper, all groups are finite and complete provided § is closed under taking
G always denotes a finite group; m(G) is the set all extensions, epimorphic images and subgroups.

primes dividing the order |G| of G. We say,
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On o -properties of finite groups 1

Definition 0.1. (i) A (o,3)-pair (or, for
brevity, a o -pair) is any pair c,3, where

o={o,liel={0}UT}

is some partition of the set of all primes P and J is
a complete class of o, -groups which contains all
soluble o, -groups.

(i1) We will also use the term a o, -pair as a
general name for pairs of this kind, and if
o ={o, |iel} is any partition of P, then we use
6 (G), following [2], [3], to denote the set
{o; |6, "(G) = D}.

(iii) By a o -property of a group we mean any
of its properties, that depends on o and which does
not imply any restrictions on c.

In particular, a o -property of a group is any of
its properties, that depends on the partition ¢ of P
and which does not imply any restrictions on o

[41-7].
The study of the o -properties goes back to

the author’s reviews [2], [8] and the recent papers
[91, [10].

In this paper, we develop a new aspect of the
theory of o -properties related to applications of
G -pairs.

Definition 0.2. We say that a group G is:
(1) oy-primary provided G is a o, -group for some
iel and Ge3J if i =0;

(ii) o, -nilpotent if every chief factor H /K of
G is oy -central in G, that is, the semidirect
(H/K)x(G/Cy(H/K)) is o4 -primary;

(iii) o,-soluble if every chief factor of G is
O -primary.

Definition 0.3. We say that a subgroup 4 of G
is o4 -subnormal in G if there is a subgroup chain

A=A <A <-<4=G

such that either 4,94 or 4/(4.,), Iis

o -primary forall i=1,...,z.

Remark 0.4. (i) In what follows, we always
omit the symbol J in all definitions and notations in
the case when 3 is the class of all o, -groups (note,
in passing, that in view of the Burnside’s
p“q" -theorem and the Feit — Thompson theorem,
we always deal with such a situation when either
|o,|£2 or 2¢0,).

Thus we say, in this case, that G is [5]:
o -primary if G is a o,-group for some i€/,

o -nilpotent if every chief factor H/K of G is
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o -central in G; o -soluble if every chief factor of G
is © -primary.

We say also that a subgroup 4 of G is
o -subnormal in G [5] if there is a subgroup chain
A=4,<4 <---< 4 =G such that either 4, < 4,
or 4/(4,,), is o-primary forall i=1,....n.

(i1) In view of Part (i), we will always suppose
that 2 € 5.

(iii) Let G=1 and o(G)={o,,...,0, }. Then
G is o, -nilpotent if and only if G=H, x---xH,,
where H, is a Hall o, -subgroup of G for all

j=L...,t and H, €3 for iy =0 (see Theorem
0.19 (ix) and Lemma 1.1 in [9].

Definition 0.5. We say that: (i) a collection of
groups X is o -nilpotent (o,-soluble) provided
every group in X is o, -nilpotent (respectively,
G -soluble);

(ii) a set of subgroups X of G is o-sub-
normal in G provided every subgroup A€ X is
o -subnormal in G.

Example 0.6. (i) In the limiting case, when
c=1{P}, o,=P and all soluble groups are
contained in 3.

A group G is o,-primary (respectively,
o, -nilpotent, o, -soluble) if and only if G € 3.

A subgroup 4 of G is o -subnormal in G if
and only if there is a subgroup chain
A=A4,<4 <---< A4 =G such that either 4 |, < 4,
or 4,/(4.,), €3 forall i=1,....n.

(ii)) If the second Ilimiting case, when
c=c"={{2},{3},{5},...}, o,={2} and so J is
the class of all 2-groups.

A group G is c' -primary (respectively, ' -nil-
potent, o' -soluble) if and only if G is a p-group for
some prime p (respectively, G is nilpotent, soluble).
A subgroup 4 of G is ' -subnormal in G if and only
if 4 is subnormal in G.

Finally, in view of Remark 0.4 (i), a group G is
o -primary (respectively, o -nilpotent, o -solub-
le) if and only if G is a p-group for some prime p
(respectively, G is nilpotent, soluble). A subgroup 4
of G is o, -subnormal in G if and only if 4 is

subnormal in G.

(i) Let |6|=2 and 6=06"" ={c,,0,}, then
G is  oL" -primary (respectively, o%" -soluble,
o™ -nilpotent) if and only if G is a J-group or a
o, -group (respectively, every chief factor of G is an

J-group or a o,-group, G=H,xH,, where
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H,e3 and H, is a Hall o, -subgroup of G by
Remark 0.3 (iii)).

A subgroup 4 if G 6% -subnormal in G if and
only if there is a chain 4=4, <4 <---<4, =G
such that either 4, <4 or 4/(4.), is an
J-group or a o, -group forall i=1,...,n.

In particular, G is ™" -primary (respectively,
™" -soluble, ™" -nilpotent) if and only if G is a
o,-group or a o,-group (respectively, G is
c,-se-parable, G is o,-decomposable, that is,
G =0,(G)x0,(G)).

A subgroup 4 if G ™" -subnormal in G if and
only if there is a chain A=4<A4 <---<4 =G
such that either 4, <94 or 4/(4.,), is a
G, -group or a o, -group forall i=1,...,n.

(iv) Now, let c=0"" ={c,,{p,}{p,}-- ),
where 6, =n' and n={p,, p,,...}.

Then G is

c"", -soluble, c"", -nilpotent) if and only if G is an

c"" -primary  (respectively,

J -group or a p-group for some p € (respectively,
every chief factor of G is an J-group or p-group for
some pemn, G=F(G)xH, where F(G) is a
nilpotent Hall m-subgroup of G and H €3 by
Remark 0.3 (iii)).

(v) Finally, let o, ={2,3,5} and 3 be the class
of all o,-groups G such that every non-abelian
composition factor of G is isomorphic to the

~

alternating group A4,. Then the class J is closed

under extensions, epimorphic images and subgroups
and it contains all soluble o,-groups. Now let

c=1{{2,3,5},{2,3,5}'}. Then the group 4, is
o -primary and the group 4, is o -primary and so
o -nilpotent. On the other hand, 4, ¢ 3, so 4 is
not o -primary and hence 4, is not o -soluble.

Remark 0.7. The usefulness and universality of
the above defined concepts are primarily due to the
fact that, in view of Example 0.6 (i), any family of

groups X is o_. -nilpotent (respectively, o_. -so-
luble) and any set of subgroups of G is 03 -sub-
normal in G, for some o_. -pair and o_.. -pair.

In view of Remark 0.7, the following questions
are quite natural.
Problem 0.8. Let X be an arbitrary collection

of groups.
(1) Is there, in some sense, a “minimal’

o -pair such that X is o -nilpotent (respectively,
G -soluble)? And if it is so,

(i1) what then is this minimal o -pair?
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Problem 0.9. Let X be an arbitrary collection

of groups.
(i) Is there, in some sense, a ‘“‘minimal’

partition o of P such that X is o -nilpotent
(respectively, o -soluble)? And if it is so,

(i1) what then is this minimal partition c ?

Problem 0.10. Let X be a set of subgroups of G.

(i) Is there, in some sense, a ‘“‘minimal’
G -pair such that X is o -subnormal in G? And if
it is so,

(1) what then is this minimal o -pair?

Problem 0.11. Let X be a set of subgroups of G.

(i) Is there, in some sense, a ‘“‘minimal’
partition ¢ of P such that X is o -subnormal in
G? And if it is so,

(i1) what then is this minimal partition G ?

In this paper, we give a partial answer to these
questions.

Finally, note that the results of this work go
back to some observations in [11], and partially,
they are published in the preprint [12] and in the

paper [13].

In [14], interesting computational aspects of
the theory of o -properties were studied. In
particular, it was proved that in a permutation group
of degree n, in polynomial time ¢=1¢#(n), one can

find the smallest partition ¢ of P for which the
group G is o -nilpotent (o -soluble).

1 The lattices of o -pairs

We use o,(P) to denote the set of all
G -pairs. In particular, o(IP) denotes the set of all
partitions of P.

Definition 1.1. For any two o -pairs cs; and

.., where 6 ={c, [iel'} and " ={o, | jel"},
we write 0. <o_. provided 3° 3" and for any
i€l \{0} thereexists je I suchthat o; co.
In particular, we write ¢ <o provided for
any i e " there exists j e/ suchthat o, C 07.

Remark 1.2. In fact, 6. <o_. if and only if

F <3 and 6" <o”.
Indeed, since
* * ok ok
c, =3I )cn(I )=0,,
so from . <o_. it follows that " <o

Let 3" =® be the class of all groups and
J” =@, the class of all 2-groups.

Proposition 1.3. (c.(P),<) is a partially
ordered set with greatest element {P}_. and least

element {{2},{3},{5},...} . In particular, (c(P),<)

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (67), 2026



On o -properties of finite groups 1

is a partially ordered set with greatest element {P}
and least element {{2},{3},{5},...}.

Proof. 1t is clear that < is reflexive and, in
view of Remark 1.2, transitive.
Now, note that if

* *ok *
C, < G <oc.,

3

~

then ' c3 <3, s0 3 =3,
On the other hand, if i,i, e I" and jeI  such
that

* ok *
i

C,C0, €0,

then o; =c, =c,, so for each iel there is
jel” such that o,=c,. Similarly, for each
jel” there is iel  such that ¢, =o,. Hence
6 =0, so < is antisymmetric.

Thus, (o,(PP),<) is a partially ordered set with
greatest
{12},{3}.{5},.. .}, (see Example 1.6 (i) (ii)).

The proposition is proved.

element {P}. and least eclement

Proposition 1.4. Let {c | jeJ} be any set of
o -pairs, where o’ ={c] |k, eK,} forall jeJ.

Let 3:=3J, and let {\ |} be the set of all
: jeJ

jeJ
intersections of the form (\ o] . Then the following
jeJ

statements hold:
(i) o:=No’ and 3 form a o -pair (denoted
jeJ

by Nah).
jeJ /

In particular, for any two o -pairs o and .,
where 6" ={c; |iel'} and 6" ={o, | jel },
G; N 6?
is a o -pair, where
o={o,No, liel,jel"}
and 3=3 N3J";

(i) o5:=Nock is the greatest of the lower
jeJ /

bounds for {ng |jeJ} in oy(P). In particular,
o (P) is a complete lattice;

i) if X s G{;\/ -nilpotent (respectively,
Gé/ -soluble) for all jeJ, then X is o, -nilpotent
(respectively, o -soluble);

(iv) if X< L(G) and X is o -subnormal in
G forall jeJ, then X is o-subnormalin G.

Proof. See the proof of Proposition 1.6.7 in [12].
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Corollary 1.5. Let {c’|jeJ} be any set
partitions of P, where ¢’ ={c] |k, eK,} for all

jedJ. Let {N ol } be the set of all intersections of
jeJ

the form () cs',fj. Then the following statements hold:

JjeJ

(i) o:= N o’ is a partition of P (denoted by

jeJ

No’).

jeJ

In particular, for any two partition G, -pairs
¢ and ¢~ of P, where ¢ ={o,|iel} and
o =io] eI,

6 No
is a partition of P, where
c={c,no, |iel,jel };
(i) o:=Noc’ is the greatest of the lower
jeJ

bounds for {c’|jeJ} in o(P). In particular,
o(P) is a complete lattice;

(i) if X is o’ -nilpotent (respectively,
o’ -soluble for all jeJ, then X is o -nilpotent
(respectively, o -soluble);

@iv) if X < L(G) and % is o’ -subnormal in G
forall jeJ, then X is o -subnormal in G.

2 The X -nilpotent and the X -soluble
G -pairs

We write 91, (respectively, &, ) to denote
the class of all o-nilpotent (respectively, o-
soluble) groups; N (respectively, &) is the class of
all nilpotent (respectively, soluble) groups.

Definition 2.1. () If £={c] | jeJ} is the set
of all o-pairs such that X =91 , (respectively,

Xc6 ) forall jeJ, then we write X, (X)

(respectively, X (X)) to denote the o -pair
Nol.

jeJ 7

(i) If T={c’ | j e J} is the set of all partitions
of P such that X =9, (respectively, X =& ;)
for all jeJ, then we write X (X) (respectively,
T, (X)) to denote the partition (| ¢’ of P.

JjeJ
By  Proposition 1.4 (iii), 2, 5(X)eZ
L s(X)ed) and Z, (%)

(respectively, X, (X)) is the smallest element in .

(respectively,
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By Corollary 1.5 (iii), 2 (X) € £ (respectively,
2 (X)eX) and X (X) (respectively, X (X)) is the
smallest element in X.

Definition 2.2. (i) We say that X _(X) is the
X -nilpotent o -pair and T (X) is the X -soluble

n,3

G -pair.

(i) We say that X (X) is the X -nilpotent
partition and X (X) is the X -soluble partition of P.

It is clear that %, (@)=c'=2 (&) and
z,(@)=c'=2,(9).

If X={G}, we write X, ;(G), Z ;(G) and
2,(G), 2,(G).

If G¢9N,  but every proper subgroup of G

n,3

belongs to N, then G is called an N _-critical or

a minimal non- G -nilpotent group. If G is not
nilpotent but every proper subgroup of G is
nilpotent, then G is said to be a Schmidt group.

Lemma 2.3. Suppose that G is a minimal non-
o -nilpotent group, then G is either a Schmidt
group or a non-abelian simple minimal non-3-
group.

Proof. Let c={c,|iel. It is clear that G is
not a o -primary group, so G is not a o, -group for
all i #0.

First assume that G is a o, -group. Then G is a
minimal non- J -group, since every proper subgroup
of G is o4-nilpotent and so it is o-primary.
Moreover, G is a non-abelian simple group since 3
is a complete class of groups and so it is closed
under extensions.

Now assume that G is not a o, -group, so G is
not a o,-group for all ie/. In view of Remark
0.4(iii), a group is o -nilpotent if and only if G is
o, -decomposable for all i e /. Therefore, for some
i, G is a minimal non- o, -decomposable group and
so G is a Schmidt group by [15]. O

Corollary 24. If G is a minimal non-c -
nilpotent group, then G is a Schmidt group.

Now, returning to Problem 0.8, we see that:

(1) a “minimal” o -pair for which the family
X is o, -nilpotent (respectively, o -soluble) exists
and o, coincides with X
2, (X))

(i1) a “minimal” partition o of P for which
the family X is o -nilpotent (respectively, o -so-
luble) exists and o coincides with X (X)
(respectively, with X _(X)).

Our next goal is to give an answer to the
second part of Problem 0.8.

(X) (respectively, with

n,J3
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Definition 2.5. Let X be a (possibly empty)
family of groups. Then we define the sets of groups
S=8(%), S =8(¥) and S° =S°(X) as follows:

(i) A€ S if and only if 4 is a Schmidt group
and there is a group G € X and a section H/ K of G
suchthat A= H/K;

(i) AeS" if and only if 4 is a non-abelian
simple group and there is a group GeX and a
section H/K of Gsuchthat A=H /K.

(iii) 4eS” if and only if 4eS and
n(A)N1(S") = D.

If X={G}, we write S(G) (respectively,
§°(G), 5°(G)).

It is clear that if X is nilpotent (respectively, so-
luble), then S(D)=@ (respectively, S (D)= D).
In particular, S(J) =@ =S" (D).

Definition 2.6. (i) For any set of Schmidt
groups S ={4, |k € K} and any set of non-abelian
simple groups S we define:

(i) a partition o, =15, liel ={0}uUl} of
P, where o, =n(S"US’) and for any o, such that
o,Nnoc, =0 and p#qeo, there exist groups
A 5..n 4, in S such that pen(4,), gen(4,)
and Tc(Ak/il)mn(Ak/ )£ for j=2,...,1;

(ii) a partition o. ={c,|jeJ={0jUJ} of
P, where 6, =n(S") and c,={p}, where pis a
prime, for all j = 0;

(iii) a partition oy ={c, |k € K of P, where
for any o, such that |o, [>1 and p,q o, there
exist groups 4, ,...,4, in S such that pen(4,),
q€n(4,) and Tc(AkH)mn(Ak/)i O for j=2,...,t

(iv) a complete set of groups I . such that it is
the intersection of all complete sets of groups
containing S* U S°.

Lemma 2.7. Let X be a non-soluble family of
groups. Let S =S(X), S"=S"(X) and S° =S°(%).

Then c S and 6., 3. form oy -pairs.

5.8
Proof. First note that 5, =n(S" US®) = o(3,)

since the class of all n(S"wS®)-groups is a

complete set of subgroups and so, in fact, we have
only to show that every soluble G, -group G belongs

~
to S

Let 3 be any complete set of groups
containing S" U S’. Then every chief factor of G
belongs to I since o,cn(I) and I s

~

hereditary, so G belongs to 3" since I is closed

Ipo6remvr uzuxu, mamemamuru u mexuuxu, Ne 2 (67), 2026
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with respect to the extension of its groups. Hence
Ge3J...
N

It can be proved similarly, that . and 3.
form a o -pair. O

Example 2.8. (i) By definition, in the case
when S =, we have o, = {{2},{3},{5},...}.

(i) If A=4,%x4, is a Schmidt group and
S={4}, then og={{p.q}.{r},{s},...}, where
{r.s,..;0{p.q} =D.

(i) Let S be the set of all Schmidt groups.
Then o ={P}. Indeed, let 6, ={c, |k € K and let

p €6, Then for every prime g # p there exists a
Schmidt group 4 such that n(4) = {p,q}, so ge€o,.
Hence, in fact, Pc o,.

Lemma 2.9 [16, Proposition 2.7]. The class

&, is complete.

‘ Theorem 2.10. Let X be a non-soluble family
of groups and let S" =S"(X). Let c =o,. and
3" = 3.. Then the following statements hold.

(i) If X is o-soluble, then c;k <o,.
(i) X is G;A -soluble.

(i) 2, (X)) = G;A =3 (8.

Proof. (i) Let 6 ={o, |i e I} and

o.={o,|jeJ={0}uJ}.

Assume that X is o, -soluble. We show that
GZA <o,
First we show that SS* c 3. In view of Lemma

2.9, every group Ge S is o, -soluble and so it is
o, -primary. Hence G is a o,-group for some i.
Assume that i #0, then 2¢o,, so G is soluble by

the Feit-Thompson theorem on solubility groups of
odd order, a contradiction. Therefore i =0 and so

G € 3. Hence S* < 3 which implies that 3 s 3
Finally, for every jeJ\{0}} we have
\c; [=1, by definition of the partition o ., so for
some r it follows that so o, = o,. Hence G;* <o,.
(ii) Now we show that X is o_. -soluble.
Assume that some section H /K of some
group GeX is not G; -soluble and let 4 be a
minimal non- G; -soluble subgroup of H /K. Then
A is a non-abelian simple group, so 4€S° < 3" and
hence 4 is cs*j* -soluble, a contradiction. Hence (ii)

holds.
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(ii1) From Proposition 1.7 and Part (i) it follows
that

ol <T, ().

On the other hand, from Part (ii) it follows that
T 5(¥)<o .. Hence T  (X)=0.
Finally, note that S" =S"(X)=5"(S"), so we
have (iii). O
Theorem 2.11 [13, Theorem 3.12]. Let X be a
non-soluble family of groups and let S =S(X),

S"=8(%). Let & =0 and 3 =3,.. Then the
following statements hold.

(1) If X is o-nilpotent, then c;* <o,.

(i) X is G;s -nilpotent.

(i) X, 5(X) = c;* =2, 5(S ush).

Corollary 2.12. Let X be a soluble non-
nilpotent family of groups and let S =S(X). Let
o =og. Then the following statements hold:

(i) if X is o -nilpotent, then " <.

(i) X is o -nilpotent.

(i) Z,(X)=06 =X (9).

3 The (G, 4) -subnormal o -pair

Definition 3.1. (i) Let 4 be a subgroup of G
and let {G‘é/ | jeJ} be the set of all of o -pairs,
where 6’ ={o] |k, €K} forall jeJ, such that4
is o/ -subnormal in G for all j e J. Then we write

2, 5(G, ) to denote the o -pair (] o} .

jes
(ii)) Let 4 be a subgroup of G and let
{c’|jeJ} be the of partitions of P, where
c’ ={0£/ |k, €K} for all jeJ, such that 4 is
o’ -subnormal in G for all jeJ. Then we write
2. (G, A) to denote the partition () ¢’ of P.

jel

By Proposition 1.7 (iv), Z,(G,4) is the
{G{gjljeJ}, that s,
2, 5(G A ef{ol |jeJ} and = (G, 4)<c) for
all jeld. / /
We say that X

smallest element in

sn,3

ws(G,A) s the (G, A)-sub-

normal G -pair.
By Corollary 1.8 (iv), X (G, A) is the smallest

sn

element in {c’ | j € J}, thatis,
T (G Aelc’|jel}

and T_(G,A)<c’ forall jeJ.

sn
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We say that £ _ (G, A) is the (G, A) -subnormal
partition of P.

Now, returning to Problem 0.9 (i) we see that a
“minimal” o -pair for which 4 is & -subnormal in
(G, A).

Thus, Proposition 1.7 (iv) gives an answer to
the first part of Problem 0.9.

Now we shall give a partial answer to the
second part of Problem 0.9.

Wesaythat A=4 <A <---<A4_<4=Gis

a maximal o -subnormal chain of G provided 4, is

G exists and o coincides with X

a maximal o -subnormal subgroup of 4., for all
i=0,1,..,:-1.

Lemma 3.2. A proper subgroup A of G is a
maximal & -subnormal subgroup of G if and only if

either G/ A. =G/ A is a non-o-primary simple
group or A is a maximal subgroup of G and G/ 4,
is a o4 -primary group.

Proof. First suppose that 4 is a maximal
G -subnormal subgroup of G. Assume that A4 is

normal in G and G/ A=G/ A4, is a simple group.

If G/A is a group of prime order, then 4 is a
maximal subgroup of G and G/4,=G/A4 is a

o -primary group. Now assume that G/ A=G/ A4,
is a non-abelian simple group and let 4 < M, where
m is a maximal subgroup of G. If G/ A, =G/ A4 isa
G -primary group, then G/M, and is a o -pri-
mary group and so M oy -subnormal in G.

The maximality of 4 implies that 4 =M.
Finally, if either G/ A4, =G/A is a non-o -

primary simple group or 4 is a maximal non-normal
subgroup of G and G/ A4, is a o -primary group,

then A4 is a maximal G -subnormal subgroup of G. O
Theorem 3.3. Let A be a o -subnormal sub-

group of G, where o, =% _ (G, A). Let

A=A <A <-<4,<4=G

be a maximal o -subnormal chain of G with as mi-

nimal as possible set of i such that A, | 4 4;, and let
X={4 /(Ai—l)A, | 4., # (Ai—l)A, )

Then o5 =%, (X).

Proof. Let . =%, (X).

If X=¢, then 4 is subnormal in G and so
c=0". Onthe other hand, ¢ =% (D) =0".

Now assume that X # . First we show that

n3

the subgroup 4 is cs; -subnormal in G. Indeed, in a

maximal o, -subnormal chain
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A=4 <A <-<4,<4=G
of G for every i such that 4, # (4, ), the factor
A4, /(4,,), belongs to X, so this factor is
o -nilpotent and hence 4 is . -subnormal.
It follows that o5 <o..

In view of Lemma 3.2, for a maximal o -sub-
normal chain A=4,<A4 <---<4_,<4 =G of G
every factor 4_,/(4,,),, where i is such that
4.,#(4.,),, s oy-primary and so o -nilpotent.
Therefore X is o -nilpotent, so G;. <o, by the

definition of

G;. =Z, 5(X).

Therefore o, =o_.. m

The following theorem is proved similarly.
Theorem 3.4. Let A be a o -subnormal

subgroup of G, where 6 =X _ (G, A). Let
A=4, <4 <<4,<4 =G

be a maximal o -subnormal chain of G with as mi-
nimal as possible set of i such that A, 4 A,, and let

X ={4 /(Ai—])Al |4, # (Ai—])Al }

Then 6 =%, (X).
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